Log Hodge groups on a toric 
Calabi-Yau degeneration 

Helge Ruddat 

Abstract. We give a spectral sequence to compute the logarithmic Hodge groups on a hyper- 
surface type toric log Calabi-Yau space X, compute its Ei term explicitly in terms of tropical 
degeneration data and Jacobian rings and prove its degeneration at E2 under mild assumptions. 
We prove the basechange of the affinc Hodge groups and deduce it for the logarithmic Hodge 
groups in low dimensions. As an application, we prove a mirror symmetry duality in dimension 
two and four involving the ordinary Hodge numbers, the stringy Hodge numbers and the affine 
Hodge numbers. 
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Introduction 

Hodge theory implies that Hodge numbers stay constant in smooth, proper families [llj . By 
using logarithmic differential forms Steenbrink extended this result to normal crossing degener- 
ations |32| . Later it was observed [26], |29] that the notion of log smoothness in abstract log 
geometry j24| . |25| provides the right framework for this kind of result. 

In |19j and j21| Gross and Siebert provide a framework for a comprehensive understanding 
of mirror symmetry via maximal degenerations X ^ S, using the technique of log geometry. The 
central fibre of their maximal degenerations are unions of complete toric varieties, and they allow 
an essentially combinatorial ( "tropical" ) description via an integral affine manifold B with certain 
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singularities along with a compatible deeomposition into lattice polyhedra. While a maximal 
degeneration does not literally define a log smooth morphism, it is shown in |20| that in many 
cases there is enough log smoothness to compute the Hodge numbers of the general fibers from 
the log Hodge numbers of the central fiber. The latter can in turn be computed on B: 

Here Xt is a general fibre of A" —> 5, A is the sheaf of integral tangent vectors on the complement 
_B \ A of the singular locus A of the affine structure and i : B \ A ^ B is the inclusion. 

Starting from dimension four this result can not always hold for one expects stringy Hodge 
numbers to replace ordinary Hodge numbers [l], [4]. In fact, the authors of |20j impose the 
subtle condition that certain lattice polytopes encoding the local affine monodromy are standard 
simplices rather than elementary simplices. By definition a lattice simplex is elementary if it does 
not contain any interior integral points. 

In general, the stringy Hodge numbers h^^'' are greater than or equal to the ordinary Hodge 
numbers. For a not necessarily maximal degeneration, we supplement this to 

K^{B) < h^-'^iX,) < h^^fiX,). 

Moreover, we observe that mirror symmetry interchanges differences: Let X ^ S he a maximal 
degeneration with n = dimXt — 4. We can recover the difference of the stringy to the ordinary 
Hodge numbers on the mirror dual degeneration X ^ S a,s the difference of the ordinary to the 
afhne Hodge numbers, i.e., 

hP-''^iXt)-hPJ{B) = h:-P'\Xt)-h''-P'^Xt). 

Note that a zero difference on the left hand side under the standard simplex condition of |20j 
is reflected by a smoothness condition on the right hand side because each lattice polytope locally 
describes a toric singularity of Xt and smoothness corresponds to a standard simplex. Note that 
mirror symmetry of stringy Hodge numbers for complete intersections in toric varieties was shown 
inH]. 

More generally, we investigate the Hodge groups for non-maximal degenerations by defining 
the new degeneration space classes hypersurface type (h.t.) and complete intersection type (c.i.t.). 
For instance, an anticanonically embedded general hypersurface in a Fano toric variety yields a 
h.t. degeneration. To refine this to a maximal degeneration one would have to form its MPCP 
resolution and possibly even blow this further up. 

We relate the hP''^{Xt) to the logarithmic Hodge numbers of the central fibre hf^'^{XQ) and 
derive a recipe to compute hf^l{Xo) in terms of h^^{B) and additional contributions which we 
call log twisted sectors. The latter depend on the affine data of B (the monodromy polytopes) as 
well as a continuous parameter Z which is the locus of the logarithmic singularities of Xq. Our 
result was inspired by [6], where Borisov and Mavlyutov give a conjectural definition of string 
cohomology for a hypersurface Calabi-Yau in a toric variety. They use toric Jacobian rings which 
come up in our setting as well. More recently. Helm and Katz |22| have related the cohomology 
of a subvariety of a torus to the topology of the tropical variety obtained from a normal crossing 
degeneration thereof. 

If / is a local equation for an irreducible component of Z , A^^ the corresponding monodromy 
polytope and C{A^) the cone over the polytope then the graded dimensions of the toric Jacobian 
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rings Rq{C{Ai^), f) and Ri{C{A^), /) in the notation of play a central role in the computation 
of the log twisted sectors. For the moment, let X = denote the smallest stratum of Xq 
containing Z^. For the canonical linear system V C r{X, Ox{Zi^)) given by / and its logarithmic 
derivatives, we set i?(Z^)„ := coker (F ® T{X,Ox((n - l)Z^)) ^ r{X,Ox{nZ^))) . If is a 
simplex, we have V = r{X,Ox{Z^)), R{Z^) = i?o(C(A„),/) and 



We prove the following result for the logarithmic Hodge groups H'^{XQ,D.f^^) of the central 
fibre Xq of a toric degeneration. 

Theorem 0.1. Let Xq be a hypersurface type (h.t.) toric log Calabi-Yau space. 

a) For each p, there is a spectral sequence which computes the logarithmic Hodge groups 



To relate this to the ordinary Hodge groups of the general fibre, the authors of |20j have 
shown for maximal degenerations that 



by means of a base change result for M'^ {X , il*^^) . The base change easily generalizes to c.i.t. 
degenerations, so that generalizing (|0.ip is equivalent to showing that the first hypercohomology 
spectral sequence computing M''{Xo, fi'og) degenerates at Ei. The classical way would be to show 
that ^\og carries the structure of a cohomological mixed Hodge complex ( jl3| . 8.1.9). This requires 
the topological result that M''{Xo,n'^^) computes the cohomology of the Kato-Nakayama space 
corresponding to Xq which we leave for future work. Instead, we show the degeneration directly 
under some conditions up to dimX = 4. 

The structure of this paper is as follows. All central results can be found in Section 1 where we 
quickly recall Gross and Siebert's constructions, give the main definitions h.t. and c.i.t. (1.1), 
state the result about the spectral sequence computing the log Hodge groups (1.2) and give the 
base change result for the affine Hodge numbers and its consequences for the base change of the 
ordinary Hodge numbers in low dimensions and a mirror result on the stringy Hodge numbers 
(1.3). In Section 2, we first derive some further consequences of the c.i.t. definition (2.1), in 
particular a set of inner monodromy polytopes which we then use to generalize Gross-Siebert's 
construction of local models (2.2), the exactness of '^'{^l^) and some further technical properties. 
In Section 3, we treat Koszul cohomology for a semi-ample divisor Z in a toric variety and compute 
its cohomlogy in terms of R{Z). In 3.3, we compare R{Z) with Jacobian rings in the case where 
the corresponding polytope is a simplex. In particular, we give a monomial basis for the Jacobian 
ring of a non-degenerate Z . In 3.4, we identify the intermediate cokernels of the Koszul complex 
with differential forms having poles on the toric boundary and zeros along Z. These coincide with 
the summands of ^'(O^'), such that the Koszul complex leads to a resolution of these as we show 
in 4.1. In 4.2, we treat the dependency of the choice of a vertex for the Newton polytope in the 
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resolution. The central result about the computation of the log Hodge groups is then proved in 
4.3-4.5. The bascchange and mirror symmetry for the twisted sectors is the contents of Chapter 5. 

I would like to thank my PhD advisor Bernd Siebert for many useful discussions and his 
support during my thesis. I also thank Mark Gross for supporting my coming to the UCSD and 
helpful input and corrections. I am grateful to Klaus Altmann, Renzo Cavalieri and Klaus Hulek 
for invitations to give a talk on my work. I had inspiring meetings with Stefan Miiller-Stach 
and Stefan Waldmann. I wish to thank the DFG and Studienstiftung des deutschen Volkes for 
financial support and the Mathematische Fakultat der Albert-Ludwigs-Universitat for a working 
environment. 

1. Definitions and central results 

1.1. Toric log Calabi-Yau spaces of hypersurface and complete intersection type. 

We fix an algebraically closed field k. Recall from ( [19] . Def. 4.1) that a toric degeneration is flat 
family X ^ S = Spec A for some discrete valuation ring A with residue field k such that 

a) the generic fibre A"^ is a normal algebraic space, 

b) the special fibre Xq is a union of toric varieties glued along toric boundary strata and 

c) there is a closed subset Z C X of relative codimension at least two, such that every point 
in X\Z has a neighbourhood which is etale locally equivalent to an affine toric variety 
where Xq is identified with the toric boundary divisor and the deformation parameter is 
given by a monomial. 

The Cartier divisor Xq in X induces a divisorial log structure on X which one may pull back 
to Xq to turn it into a log space. For log structures, see |25j . |19| . The definition of a toric 
log Calabi Yau space [ |19j . Def. 4.3] (short: toric log CY space) is precisely made such that Xq 
with its log structure is the key example. The authors of jl9| demonstrate how to derive the 
dual intersection complex (B, ^) from Xq which is a real affine manifold B with singularities in 
codimension two and a polyhedral decomposition ^ with some further properties. Given lifted 
open glueing data s for (B, one can reconstruct Xq from the triple {B, s). One might even 
start directly with such a triple to construct a toric log CY space Xq{B, 3^ , s) (if one also adds a 
suitable log structure). Recall that a toric log CY space is positive if the section of the log smooth 
structure moduli bundle on Xq\Z extends to Xq by attaining zeros rather than poles [ |19| . Def. 
4.19]. An analogous notion of positivity for (B, ^) is a condition on the local monodromy around 
the singular locus [ [19j . Def. 1.54]. Recall that the set of polytopcs ^ can be considered as a 
category consisting of lattice polytopes as objects and inclusions of faces as morphisms. We recall 
additional notation: 

• ^['1 for the subset of cells of dimension I, 

• A for the discriminant locus of B, 

• A, A for the local system of integral tangent and cotangent vectors on B\A, 

• i : _B\A B for the natural inclusion, 

• A^ for the subset of tangent vectors parallel to r £ ^ at a relative interior point of t 
and 

• kr for K^. 

Recall that a pair (w,/?) G 3^^^^ x ^[dimS-i] determines a loop around the singular locus by 
going from one vertex of uj through the interior of one neighbouring maximal cell of p to the other 
vertex of lj and returning to the first vertex by passing through the interior of the other maximal 
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neighbouring cell of p. The order of vertices and maximal cells and thus the orientation of the loop 
can be chosen by fixing integral primitive vectors di^ £ A^^ and dp G Ap. It was shown in loc.cit. 
that the monodromy in a nearby stalk of A along the so determined homotopy class of loop has a 
special shape and can be given by n i— >■ n + Ki^p{n,dp)di^ where Ki^p is an integer independent of 
the choices of d^, and dp (|21j. before Def. 1.4). 

Recall that a special fibre Xq of a toric degeneration is always positive. We will assume from 
now on that X is a positive toric log CY space. The dual intersection complex {B, 3^) is then also 
positive, i.e., each K^p > 0. 

Recall that the inner monodromy polytope for p G ^[^imS-i] constructed by fixing a vertex 
V € p and by taking the convex hull of all ^, where v' is a vertex of p and n M> n + (n, dp)ni1j ^, 
is the monodromy transformation of a stalk of A near v for a loop going from v to v' through the 
interior of the maximal cell on which dp is negative and returning through the other one. It is 
denoted by 

Ap c Ap ®z M. 

By restricting to vertices in a face r of p, one gets for each e : r — >• p a polytope Ap,e C Ar ®z K 
which is a face of the previous one. It is clear that the ^, are sums of appropriate {K^jpduiYs. 
Up to integral translation, the monodromy polytopes are independent of v. Dually, we have the 

outer monodromy polytopes 

A„ C ®z K and A„,e C ®z M 

given uj G resp. e : w r. These are constructed from the monodromy of a stalk of A 

in some maximal cell a containing uj along loops passing through the vertices of w into other 
maximal cells a'. The transformations have the shape m i~> to + {duj,m)n'^''^ . We have decorated 
the polytopes by ~ in contrast to |19| to distinguish them from similar polytopes coming up later 
on. 

Recall that there is a contravariant correspondence of closed strata Xr of X and cells t € 
The irreducible components of X are Xy for v G ^'"l. Because each stratum is a toric variety, we 
also get a decomposition of X in a disjoint union of locally closed strata 

X = ]J Int (Xr) 

where Int(ArT-) is supposed to be the open torus in X^- For each oj G ^^^^^ there is a possibly 
empty or non-reduced Cartier divisor Z^^ in X^^ such that 

Z= [J 

is the log singular locus of X. We have = if and only if lu doesn't meet A. For a semi-ample 
Cartier divisor (i.e. one whose invertible sheaf is generated by global sections) £' on a toric variety 
we denote its Newton polytope defined via a linearly equivalent toric divisor by Newton (E) . For 
subvarieties E of codimension greater than one, we set Newton {E) = {0}. Recall from |19| that 
we have 

Newton (Z„) = A„. 

We write Z'J"^ for the reduction of the effective Cartier Divisor Z^ and set Z^^ := Z^""^ . We follow 
[2]. |10j and call a semi-ample divisor £^ on a toric variety non-degenerate if Newton (E') up to 
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translation coincides with the convex huh of aU monomials with nontrivial coefficients given an 
equation of i? in a toric chart and E has a regular or empty intersection with every torus orbit. 

Definition 1.1. A positive toric log CY space is of hypersurface type (short: h.t.) iff 

(1) The divisor is non-degenerate for each a; G ^'^l and for some a„ G N>i 

Zuj = flcj ■ Zi^. 

(2) For each r G ^, the set {Z^ nX^luj G .'^^^\Z^ n Int (Xr) ^ 0} is either empty or 
contains only one element which we then denote by Z^. 

The nomenclature is deduced from Batyrev's mirror construction [3^. A toric degeneration 
which is fibrewise embedded as an anticanonical hypersurfaces in a Fano toric variety in generic 
position yields an example of a h.t. space. Generally, having an embedding is not necessary of 
course. We will mostly concentrate on the h.t. property in this paper. For the more general parts, 
we use the analogue of the Batyrev-Borisov mirror construction as in the upcoming definition. 
We call a set of lattice polytopes Ai,..., in an M-vector space W transverse if their tangent 
spaces form an interior direct sum in W. 

Definition 1.2. A positive toric log CY space is of complete intersection type (short: c.i.t.) iff 

(1) The divisor Z^ is non-degenerate for each w G ,^[^1 and for some G N>i 

Zuj = flcj • Zi^ 

(2) For each t and uji,uj2 G we have 

{0} ^ Newton (Z^^ n Xr) = Newton {Z^^ n Xr) => Z^^ n AT^ = Z^^_ n Xr 

(3) For each r G ^, the set {Newton (Z„ n Xr) \ uj G ^^^"^.Z^ n Int(A^) 7^ 0} is either 
empty or contains at most min(dim t, codim r) many elements At-.i,...,A7.,ij which are 
transverse. The corresponding divisors are denoted by ^r.i, 'Z'r,q- 

1.2. A spectral sequence to compute the log Hodge groups. In this and in the next 
section, we are going to summarize the main results of the paper. We recall some notions of |20| 
in the following, in particular the barycentric resolution of the log Hodge sheaves. Let X a toric 
log CY space and j ■ X\Z — ;> X denote the canonical inclusion of the log smooth locus. 

Definition 1.3. The log Hodge sheaf ft^ of degree r is the pushforward of the sheaf of log 
differential forms, i.e.. 

Si ■— J*"(X\Z)t/fct- 

The log Hodge group of index p, q is the cohomology group 

i7f4(A) ■.= H^x,nn. 

The log Hodge number of index p, q is h^^'^{X) :~ dim H^^^{X) . 

Where useful, we will write fi^ for fl^. RecaU from [20] that Fs{tq — ^ t^) : Xr,^ — > Xrg is the 
inclusion of one stratum of X in another indexed by Tq, G It is written this way to account 
for the possibly non-trivial glueing data s. We drop the base scheme 5* in the usual notation ^5 ,5 
because we always assume 5* = Speck. Recall that Fs{e) — F{e) o s^ where F{e) is the standard 
toric inclusion and Sg G Aut {Xr.2) is given by the action of a torus element. We set 

n'r ifir)*<iq*r^WT'ors) 
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where (Jt- : X.^ — t- X and Kj- : Xt\{Dt C\ q^^{Z)) — > X^ are natural inclusions with D^^ 

Xr\lni{Xr). 

Definition 1.4. We recall the barycentric complex given by 
where Tors is the torsion subniodule. The differential is 



(rfbct(a))ro^...^rfc + i = ari^...^rt + i + Ei=l(-1) 



a 



To — > . . .T; — > . . .— >Tfc+ 1 



+(-l)^+iF3(Tfc ^ Tfe+i)*a,„^...^,,. 
The proof of the following lemma will be given in Section 12.31 
Lemma 1.5. If X is c.i.t., there is an exact sequence 

o^n' ^ '^"{a') ^ '^1(17'^) ^ ... . 

Each morphism e : ti — > T2 in ^ can be identified with an edge in B and we define the open 
set We C B as the union of all relative interiors of simplices in the barycentric subdivision of ^ 
which contain e. We set Ze = Zr^ nXr^ and then have R{Ze) as before defined with respect to the 
toric variety Xr2- We prove part a) of the following result in Section l4?3l and part b) in Section l475l 



Theorem 1.6. Let X be a h.t. toric log CY space. We fix r. 

a) The Ei term of the hypercohomology spectral sequence of'io"{fl^') is 

where 

T{We,i.KK® 



R{Ze 




Note that Lemma \4-18\ gives the differential di . 
b) // every A^^ is a simplex, the spectral sequence in a) is degenerate at E2 level and 

r 

^;f'° = i^p(B,^,/\A®k). 

1.3. Base change of the logarithmic Hodge groups. In Section [2.21 we give for each 
point a; of a c.i.t. space X a local model for the log structure, i.e., an affine toric variety Y|oc with 
a toric Cartier divisor X\oc, s.t. at x, X is etale locally equivalent to an open subset of X\oc, and 
the log structure on X agrees with the pullback to X\oc of the divisorial log structure on Y|oc given 
by the divisor X\oc- This is important for points in Z, the others fulfil this by definition. 

Analogous to ( |20| . Def. 2.7), we say that a toric deformation X ^ S where X = is a c.i.t. 
space is a divisorial deformation of X if it is etale locally isomorphic to the c.i.t. local models 
^loc- We are then going to prove: 

Theorem 1.7. Let tt : A" — > Spec A be a divisorial deformation of a c.i.t. toric log CY space, 
i : X\Z — > X the inclusion of the log smooth locus and write := J*^^t/yit ■ Then for each p, 
W{X is a free A-module, and it commutes with base change. 
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Corollary 1.8. Let tt : X Spcc^ be a divisorial deformation of a c.i.t. toric log CY space 
X. If the log Hodge to log de Rham spectral sequence on X (i.e., the hypercohomology spectral 
sequence offl^ ) degenerates at Ei then H'^{X , fi^) is a free A-module, and it commutes with base 
change. 

Proof. By Grothendieck's cohomology and base change theorem, it suffices to prove surjec- 
tivity for the restrictfons H'^{X — > H''{X,n^). This means surjectivity for Ei{n^) — J> 
Ei{i}^). Since degeneration is an open property, both spectral sequences are degenerate at 
El and we are done if we show surjectivity of (Gri?H'^(A:', i7^))/Tors — Gi pM'' {X , il^) where 
F is the canonical filtration. This follows from Thm. 11.71 bv the surjectivity of M'^{X,n^) — > 

m''{x,n'x). □ 

Remark 1.9. If all inner monodromy polytopes are simplices then the generic fibre Xjj is an 
orbifold. The restriction of fl^ ^Osp^cA C'spoc?) coincides with the pushforward of $7^^^- ^gj^gx 
to Xjf. By |33| . these sheaves give the natural mixed Hodge structure on Xjj f |13j ) which is pure 
in each cohomology degree. 

Definition 1.10. The affine Hodge group of degree {p,q) of a toric log CY space X, resp. its 
dual intersection complex {B, is defined as 

iilim - ^aV (5) = H'^{B.i.}\k® k). 
We denote its dimension by h^^^{X) and call it affine Hodge number. 



We are going to prove the following result in Section 15.11 

Theorem 1.11. Let X be a c.i.t. toric log CY space. 

a) For each p, q there is a natural injection 

H^J{X)^H^{X). 

b) For each k there is a natural injection 

HPJ{x)^m'^ix,n') 

p+q=k 

which is compatible with the canonical filtration induced on M''{X,n*). 

Corollary 1.12. Let Xt be a general fibre of a toric degeneration with at most orbifold singular- 
ities. Assume that the central fibre X is a c.i.t. space. For allp^q, we have 

Kiix) < h^-'^ix,). 

Proof. By Thm.O Thm.[riT]and RemarklH we have h^JiX) < dim Gr^ Hp+9(X, n'^) < 
rkGr^HP+«(A', r2;;^)/Tors = hP'i{Xt) where F is the canonical fihration on fl*^. □ 

In Section [521 we give a proof of the following result. 

Theorem 1.13. Let X be a h.t. toric log CY space. Assume we have one of the following 
conditions 

a) dimX < 2 

b) dimX = 3, each At- is a simplex and every component o/ A\A° is contractible where 
A° denotes the set of points in A where the corresponding monodromy polytope Ar has 
dimension two 
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c) dimX < 4 and each is an elementary simplex 
Then the log Hodge to log de Rham spectral sequence degenerates at 

Remark 1.14. To prove the degeneration of the log Hodge to log de Rham spectral sequence in 
greater generality, a common way would be show that 17^ carries the structure of a cohomological 
mixed Hodge complex f |13| . 8.1.9). In particular, this requires a Z-structure which one would 
obtain as the pushforward from the semi- analytic Kato-Nakayama space X ^ X. One then needs 
to show that fi^ is quasi-isomorphic to a pushforward of a modified de Rham complex on X which 
is in turn a resolution of Z ®z C on X. We leave the topological properties of the local models to 
future work. 

Theorem 1.15. Assume that we are given a h.t. space X and that Xt is a general fibre of a 
degeneration into X . Assume we are in one of the cases of Thm. \1.13\ and that Xt is an orbifold, 
i.e., each A^- is a simplex. We have for eachp,q, 

a) h\^l{X) = hP^^iXt) 

b) If we are in case a) or c), we have 

hP''^{Xt)~hpj{x) = h:r''{Xt)^h"-p^''{Xt). 

Example 1.16. Note that Theorem I1.15[ a) holds for all Calabi-Yau threefolds obtained from 
simplicial subdivisions of reflexive 4-polytopes where the subdivision doesn't introduce new ver- 
tices. In particular, we obtain for the quintic threefold X in P'^ as well as for its mirror dual 
orbifold the affinc Hodge diamond 

1 


1 

1111. 

The log twisted sectors of X contribute to h?'^{X) = h^''^{X) = 101 by adding 100 to the affine 
Hodge numbers and since X is smooth, hP^''{X) = /i^^^(X). All log twisted sectors of X are trivial. 
On the other hand, we obtain non-trivial orbifold twisted sectors in degree (1,1) and (2,2). We 
have hl;^{X) = h^^^{X) + 100 = h]^si^) + = ^nd the analogous for /ist^(X). 

2. Local models for c.i.t. spaces 

2.1. Reduced inner monodromy polytopes. The c.i.t. property is a generalization of 
h.t. becoming distinct only if dimX > 4. It also generalizes simplicity ( |19| . Def. 1.60, Rem. 1.61) 
which we referred to in the introduction as a maximal degeneration. There is a natural bijection 

^ O { vertices of the barycentric subdivision of ^} 

by identifying a cell with its barycenter. Moreover, there is a natural bijection between the set of 
d-dimensional simplices in the barycentric subdivision and the set of chains of proper inclusions 
To — ... Td of cells in It follows from f |19| . Def. 1.58) that the discriminant locus A is 
the union of all codimension two simplices in the barycentric subdivision of ^ corresponding to 
chains of the shape uj ^ ... ^ p with uj e ^[^1, p G ^[dimS-i] ^ 
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Lemma 2.1. Let X be a c.i.t. toric log CY space. Fix to G 3^^'^'^ . The barycentric edge corre- 
sponding to some e : u! ^ T is contained in A if and only if 

n Int [Xr) ^ 0. 

Proof. We just sketch the proof to keep the notation concise. The Newton polytope of the 
closure of n Int {Xt) is a face of A^^ contained in a translate of . The intersection is non- 
trivial if and only if this Newton polytope has positive dimension. This happens if and only if it 
contains an edge of A^j which in turn corresponds to some t — >■ p such that this edge is parallel to 
. This means n^^p ^ 0. This happens for some e : t — >■ p if and only if e is contained in A. □ 

Lemma 2.2. Let X be a c.i.t. toric log CY space. 

a) We have 

whenever the barycentric edges wi p, W2 — > p are contained in A. 

b) We define hp as the integral length of Newton {{Z r\ X pY'"^ ) and have for each {u!,p) G 

f^ll] X tJ2>[dimB-l] 

Kujp — O^ujO'p. 

Proof. We prove a). Because codimp = 1 there is at most one Ap^i by Def. 11.21 Assume we 
have ^[^1 3 ujj p for j = 1,2 such that Z^i^ H Xp ^ 0. By Lemma [2.11 this is equivalent to 
ei, 62 G A. We get Newton {Z^. n Xp) = Ap. Because is the integral length of Ap_i, we get 

the assertion. Part b) is just rephrasing this. □ 

Remark 2.3. (1) A positive toric log CY space in dimension 2 where Z is reduced is h.t.. 

Not included in the h.t. definition are situations where some Z„ is the union of a reduced 
point and a double point, for instance. Two double points, however, would fulfill h.t. by 
having a^^ = 2. 

(2) If X is simple then X is h.t. iff for each t € ^ the number of outer (or inner) mon- 
odromy polytopes at t given in the simplicity definition is less or equal than one. 
The inverse direction follows from the multiplicative condition for the log structure 
n,..'^^ ® = 1 (H]: Thm 3.22) which implies that aU Z^\x, for varying w 
are either empty or agree because is a local equation of Z^. In particular, if X is 
simple of dimension 3 then X is h.t.. 

(3) Why do we allow > 1? This is best seen by the just mentioned multiplicative condition 
for the log structure. If some inner simplex polytope has non-primitive edges of different 
integral lengths, we have to require some a^j > 1 for a log structure to exist on such a 
space. 

(4) Recall that a discrete Legendre transform interchanges inner and outer monodromy poly- 
topes. It also interchanges Oui and dp and we will see that there is a collection of reduced 
inner monodromy polytopes analogous to the collection of reduced outer monodromy 
polytopes in the definition of c.i.t. 

Here is a lemma which relates the inner and outer monodromy polytopes to the K^p. It is 
directly deduced from the construction of Ap and A^j. 
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Lemma 2.4. (1) Given p G ^[dimB-i]_ ^/j 

ere is a natural surjection 

{uj ^ p\uj e 3^^^\k^p^0} {edges of Ap}. 

Moreover, uj is collinear to the edge it maps to and K^jp is its integral length. 
(2) Given ui G there is a natural surjection 

{lj^pIpG ^[^""^-^Uc^pT^O} ^ {edges of K^}. 
Moreover, a translate of contains the edge it maps to and K^p is its integral length. 

Lemma 2.5. For N = 17^ and M — Horn (N , Z), let he a complete fan in Nt^ = N ®i R and ip 
a piecewise linear function on Ns. with respect to S. Assume that ip comes from a lattice polytope 
S C Mk, i.e., 

ijj{n) = — min{(m, n) | to G S}. 
Given Co G Sl""^', let cri,(T2 G S^"! the two maximal cones containing Cj. We set 
Kcj — integral length o/toi — TO2 where toi,TO2 G M with toi = o,nd m2 — il'\a2- The data 

k : ^ N, k{Ld) = 

determines S uniquely up to translation. 

Proof. Note that toi — ?7i2 is collinear to cj^ and is thus uniquely determined by koj up to 
orientation. The combinatorics of the fan now gives a recipe to assemble these edge vectors to the 
polytope S. Fix some maximal cone vq G E^"). To each chain 7 of the shape 

i'Q D C i'l Z) ibi C ... D CJ/ C W/ 

with set TO^ = X]i=o where to^ is the unique element in M which is 

collinear to Lb^- , has integral length Kui. and evaluates positive on the interior of Vi . We obtain 

S = convex hull of {m^ | 7 is a chain}. 

□ 

The following proposition takes care of the inner monodromy polytopes which are not obvious 
from the definition of c.i.t. unlike the outer ones. 

Proposition 2.6. Let X be c.i.t. and t G J^. Let Ata, Ar^q be the associated set of Newton 
polytopes. There exists a canonical set of lattice polytopes 

Ar,l,-,Ar,q C ®z R 

such that, for each p G ^['^™^~il^e : t ^ p and A^.e non-trivial, we find a unique i such that 
Ap^e is an integral multiple of A^^i. 

Proof. The correspondence: We have fixed r. All w's are supposed to be in ^^^^ and all p's 
in ^[dimS-i] Consider the diagram 

{uj ^ T ^ p\k^p T^O] ^ {r ^ p\ Ap^r^p ^ 0} 

V 

{lo^t I n Int (Xr) ^ 0} ^ {1, q}. 

The upper horizontal arrow is just "forgetting w" , the left vertical one is "forgetting p" and uses 
Lemma |2. II The lower horizontal map is given by part (3) of the definition of c.i.t.. There is only 
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one way to define the dotted arrow to make the diagram commute and we need to argue why it is 
well-defined. Assume we have wi — )■ t — ;> p and a;2 — > t — )■ p with K^^^p 7^ 7^ Hu}2p- -^Y Lcmma l2.4l 
we find that A^^^ and A^^^ both have an edge contained in a translate of the straight line . The 
same holds for A^, uji-^n A^,.^,^!- and also for — !— A,^, t^, tt^ ^ujo .^2^r which are the Newton 
polytopes of r\Xr and Z^^ C\Xr, respectively. Thus, these polytopes cannot be transverse and 
by (3) of the c.i.t. definition they have to be the same up to translation. This makes the dotted 
map well-defined. 

We denote the preimage of i under the lower horizontal map by 0.r,i- 
Defining the At-.^: We stay with the previous setup. We define 



dp 

where i is the image of Ap^r^p under the dotted arrow. It is easy to see that (up to translation) 
this is a lattice polytope where an edge which is the image of some uj via Lemma 12.41 has length a^j. 
We have to show that we get the same Ar^i if we choose another t ^ p' with K^pi to define it. 
We are going to apply Lemma [2751 By ( }19| . Remark 1.59), both J-Ap.T-^p and J-jAp'^r^p' give 
piecewise linear functions on S^, the normal fan of t in Hom (A,-, Z) R. We have an inclusion 
reversing bijection 

cones in Et- o faces of r. 

Codimension one cones uj S ^' correspond to edges uj of r. So this is consistent with the 

notation in the lemma. Note that the data k : E^^^™^ — > N is the same for both polytopes 
because for each w G ^I'*'™'^"-^] we have 

{a^ if cj ^ T G Dt- j 
otherwise. 

We deduce that -J-jAp^r^p and fracldpiApi r^p' coincide up to translation. □ 

We extract a definition from the previous proof. 
Definition 2.7. Given a c.i.t. X and t G For 1 we define 

D.T-.i = — > r I A^,^^r = a ■ Ar.i for some a > 0} 

RtA = {t ^ p \ Ap^T^p = o, ■ Ar^i for some a > 0} 
where Ar^i is the polytope given in Prop. 12.51 

Note that for w — > r, t — > p we have n^^p ^ if and only if there is some i such that 
w — !■ r G ilr,i and t ^ p E R^-s which can be deduced from the diagram in the proof of Prop. 12.61 
In view of ( jl9| . Def. 1.60), we see that this property generalizes from simplicity to c.i.t. spaces. 

2.2. Toric local models for the log structure. In this section, we give a direct generaliza- 
tion of the local model construction developed by M. Gross and B. Siebert in |20] to the c.i.t. case. 
The proof will remain sketchy where there is little difference to loc.cit.. Recall Construction 2.1 
in loc.cit. where Y is the product of a torus with the affine toric variety given by the cone over 
the Cayley product of r and the A^s and X is the invariant divisor given by the rays in r. We 
prefer to call the spaces X, Y of loc.cit. X\oc, Y\oc at this point. 
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Proposition 2.8. Suppose we are given a c.i.t. toric log CY space X and a geometric point in 
the log singular locus x ^ Z C_ X , there exist data r, -0^ as in ( l20\ , Constr. 2.1) defining 

a monoid P and an element p G P, hence affine toric log spaces ^1^^' -^Lc ~^ Spcck^, such that 
there is a diagram over Spec 



Ft 




with both maps strict etale and an etale neighbourhood of x. 

Proof. As in loc.cit., we take the unique t e ^ such that x £ Int (Xr). By the definition 
of c.i.t., we then have the outer nionodromy polytopes At-,i, Ar.q C At- By Prop. 12.61 we also 
obtain Ar,i, Ar,<j C At- By renumbering, we may assume that x G Zr,!,-.., Zr,r and x ^ Zr,i 
for r < i < q. We set 

f A,,, forl<z<r 

1 {0} for r < i < dimi? — dimr 

We redefine q = dim B — dimr. The polytopes A^ give piecewise linear functions tpi on the normal 
fan tr in = Hom(A^,Z) (g)z M. By ([20], Constr. 2.1), we obtain a monoid P' C A^' with 
P' = C(r)^ n A^', a monoid P C A^ A^' e Z^+i, p e P given by p = e^, Yioc = Speck[P] and 
-'^loc = Speck[P]/(z''). To obtain a log-structure on ATioc, we use the pullback of the divisorial 
log structure given by A"ioc in Yioc. To proceed as in the proof of ( |20| . Thm. 2.6), we choose 
(7 : T — > (T G (^[diniB] -(-Q j^ave an etale neighbourhood V{a) of x. We are going to construct a 
diagram with strict etale arrows 




Recall from ( |19j . Thm. 3.27) that pulling back the log-structure from X"^ to V{(j) gives a tuple 

f^{fa.e)e:u.^aer(v{a), Ov}j 

dim uj=l 

where Ve is the closure of lnt{X^) in V{a-). We write for /o-.e with e : lj ^ t. Let x[a] 
be the unique zero-dimensional torus orbit in V{a). We may assume that / is normalized, i.e., 
fuj\x[(7] = 1 for each u. This is possible because, if / is not normalized, we may use a pullback by 
an automorphism of V{a) as explained in [ jl9j . after Def. 4.23] to obtain a normalized section. 
Let Pa '■ V{a) — > X be an etale map whose pullback-log-structure is the normalized section. Note 
that 

Pa^Z^ = {L = 0} C K 

Let f^'^ be such that (/^"^^ )"''•' ~ j^. Fixing some 1 < i < r, we claim that the functions 
jred for — > r G Cl^. i glue to a function f on IJeea ^e- This will follow if we show that the 
corresponding glue because then their defining functions can at most differ by a non-trivial 



14 



HELGE RUDDAT 



constant which is 1 by the normahzation assumption. To show this, wc consider a diagram 

t' ^ T a 

UJ2 

which algebraic geometrically means that we have a stratum 

on which we wish to show Z^-^ D Xr' ~ Z^^ ^ ^r' ■ By the c.i.t. property (2), it sufBces to show 

Newton {Z^^ n X^') = Newton (Z^^ n X^')- 

This follows from the c.i.t. property (3) because Newton (Z^^j n X^') and Newton (Z^^ r\ Xt') 
cannot be transverse due to the fact that 

Newton (Z^^ n X^) = Newton r\ Xr) ^ A^,, 

is a non-trivial face of each. Thus, we have functions fi as claimed before. We can naturally 
extend these to functions on V{t) which we are also going to denote by fi. 

We now choose coordinates zi, Zq on Int {Xr) = (k^)'', and pull these back to functions on 
V{t). By the c.i.t. property (3) we know that the Zr^i meet transversely in v := p~^(x), so we 
can find a subset {ii, ^ {1, •••,'z} such that F dGi{dfi/dzi.)i<.ij<r is invertible in v (see 

[14] ■ Cor. 16.20). By reordering the indices, we can assume {ii, v} = {1, f }. For r < i < q, 
we set fi := Zi — Zi{v) so that all fi vanish in v and give a set of local coordinates at v when 
restricted to Int (Xr). We fix an isomorphism 

Vir) = Speck[aP'] X (k^)'. 

We are going to choose F as a Zariski open neighbourhood of v in V{t). Before we say which one 
exactly, we define the map (j) : V ^ X\oc = Speck[9P' © N''] by 

= zP hipedP' 
<j)*{u,) = f, for 1 < i < g 

where Ui is the monomial in k[9P'©N''] corresponding to the ith standard basis vector of N*. Now 
V is chosen in a way such that is etale. That this can be done is just a repetition of the argument 
in [ |20] . Prf. of Thm. 2.6]. To see that the puUbacks of the two log-structures to V coincide, we 
check that both give the same section in r{V, Ov^ ) ■ Arguing as in [ |20j , Prf. of Thm. 2.6] , 

this comes down to showing, for each e : — > r and n G N' , 

r 

{d^®fu){n)^{[fi ■ ' 

i=i 

holds on the closed toric subset T4 where 

• v~ are the vertices of uj, 

• is the unique primitive vector pointing from to and 

• m~,mf g Hom(A^',Z) are ) respectively where is the maximal cone in 
Et- corresponding to . 
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Wc have that tpi bends at (1> if and only if e 6 j. By convexity — mf is positive on v~ hke 
du,- Combining this with the fact that the edge of corresponding to uj has length a^, this is 
just saying 

' e^a^,. 

By construction, we have that fi\v^ is invertible for e ^ Clr^i- Since we have chosen / to be 
normalized and the invertible elements of a toric monoid ring k[P] are given as fc^ x , we have 

1 e ^ 0.r.i 

Using {f^'^)"''^ = /oj, this finishes the proof. Note that we have slightly simplified the proof as 
compared to loc.cit. by requiring / to be normalized in the beginning (this implied hp = 1 for all 
p in the notation of loc.cit.). □ 

The local models are the key ingredient to prove the base change for the hypercohomology of 
the logarithmic de Rham complex: 

Proof of Theorem 11.71 As argued in (|26j. Lemma 4.1), one may assume that A is a local 
Artinian k[i] -algebra. Then, using the existence of local models from Prop. [2?8l the proof becomes 
literally the same as in ([20], Thm. 4.1). □ 

2.3. The barycentric resolution of the log Hodge sheaves. The existence of local 
models for c.i.t. spaces enables many of the further constructions in |20] . The entire section 3.1 in 
[ |20j . Local calculations] doesn't use simplicity arguments and extends directly to the c.i.t. case. 
In section 3.2, Prop. 3.8, Theorem 3.9, Cor. 3.10, Cor. 3.11, Lemma 3.12 and Lemma 3.13 are 
valid in the c.i.t. case. For this paper, we get three results from this. First, we obtain a proof of 
Lemma fTTSl i.e., have the exact sequence 

^ ^°(i7'') ^ '^^{n'') ... 

Roughly speaking, this is a resolution given by a kind of Deligne's simplicial scheme: We pull back 
the sheaf to each toric stratum and then apply the inclusion-exclusion-principle to get a complex. 
Lemma 3.14 and Lemma 3.15 in loc.cit., however, fail to be true in the c.i.t. setting. At least in 
the proof of 3.15 simplicity is being used explicitly. In any event, we are not interested in these 
results. We just use a small replacement for Lemma 3.14: 

Lemma 2.9. Given a c.i.t. space X , r G 0^ , then v £ t^^^ induces a canonical choice of a vertex 

Vert i(w) £ Ai-.i for each i. 

Proof. Let v denote the maximal cone in the normal fan J^r corresponding to v. Choose 
Vi = Vertj;(u) £ aJ°|- such that 

v,-A^,,Cv''. 

There is at most one such Vi because otherwise ■5^ would have to contain a straight line. There 
exists one because 'tpr.i, the piecewise linear function associated to At-.^, is linear on v. In fact, we 
have i^rAv = ")■ 1^ 

The third consequence for c.i.t. spaces which is most importance to us is [ |20| . Prop. 3.17] 
which we cite here. Just note that dlog(/'') ~ a ■ dlog/ has the same poles as dlog/ which is the 
reason why the sheaves of differentials only care about Z"'^'^ and not Z. 
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Proposition 2.10. Let X be c.i.t.. Given S^^^"^ 3 v t\ T2, the image of the inclusion 
iFsie)*Q';j/Tors mFs{eog)*n[, is 

^ i = l q ' 

where: 

(1) We set Vi = Verti(w). The direct sum is over all i and all vertices Wi G aJP'^ with 

(2) Z'^_^ ■ = Fs{e)^^{ZTi.i) which might be empty. 

(3) We define a log structure on Xy as the pushforward of the pull-back via Xy\Z ^ X\Z 
(Z has codimension two in Xy). Then, ^]^} ,)t/ikt '■^ defined by pulling back the log 
structure from Xl via X^ and Z^-^/i to Z'^^ j. 

(4) For a £ Fs.si^ o g)*fll,^ the component of 5{a) in the direct summand i^^^/ )Vkt corre- 
sponding to some Wi is given by L{dwi-vi)oL\(z' .)+• 

In a setting more general than the simple case with standard outer monodromy simplices as 
dealt with in j20j . the resolution '-^'{VT) is no longer acyclic. One of the main points of this paper 
is to produce an acyclic resolution for this complex. We start off by constructing a resolution of 
a summand of '^*{^V) on a single stratum for which we are going to use a Koszul complex. 

3. Koszul cohomology 

This section is separate from the previous ones and we will be reusing some of the notations. 

3.1. The general setting. Koszul cohomology is a globalized version of the Koszul complex 

for affine rings (see [14] . Exc.17.19). It was extensively developed and exploited by Mark Green 

in [16] and [Hi- 
Let X be a k- variety, C an invertible sheaf on X and V a finite dimensional linear subspace 

of T{X, C) = Hom {Ox,C). Defining </)(!) as the canonical map (V Ox ^ C) £V* ® £, we get 

a complex 

12 3 

Q ^ Ox ^ C® /\V* ^ C®^ ® ^V* ^ C®^ ® f\V* ^ ... 
whose differential is given by a 1— >■ (/)(!) A a. We introduce the notation 

i 

r{v,c) ■■= c®'® /\v* 

and call the according differential d*. For m G Z, we define the twists 1Q{V, £, m) := ^IQiV, C) 
and denote the dual by /Ci(V, £, m). 

Lemma 3.1. // V is base point free, i.e., V ® Ox ^ s (x) g 1^ s(g) is surjective, then for each 
m £ Z, the Koszul complexes IC'{V, C,m) and ICt{V, C,m) are exact. 

Proof. Since C is locally free, it suffices to show exactness for one m. Furthermore, it 
is enough to show it for IC,{V,C), and exactness of the dual follows by applying 'Hom{-,Ox) 
because the complex is locally free. Exactness can be considered at stalks. After choosing a basis 
{xi, Xn} of V , in the notation of [14] . the Koszul complex is locally isomorphic to K{xi, a;„). 
Due to base point frccncss of V, at each stalk at least one of the Xi is invertible. By [ |14j . Prop. 17. 14 
a)] multiplication with Xi annihilates the cohomology of IC'{V,C) which is thus trivial. □ 
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3.2. Semi-ample line bundles on toric varieties. In the following, wc fix a toric variety 
X with character lattice M . A Cartier divisor Z on X is linearly equivalent to a (non-unique) 
torus invariant Cartier divisor D. By a standard procedure (see [15] ) we associate to D its 
support function which is a piecewise linear function on the fan of X. By [[8], Prop. 6.7], 
scmi-amplencss of Z is equivalent to the convexity of ipo- Convex piecewise linear functions, in 
turn, correspond to lattice polytopes A C Af 0^ R whose normal fan can be refined to the fan of 
X, and A is uniquely associated to Z up to translation by lattice vectors. By [ |15j . Lemma in 
3.4], one has 

T{X,Ox{D))= k-z'". 

An element of this corresponds to an effective divisor which is linearly equivalent to D. The 
correspondence is 1:1 up to the operation of on T{X^Ox{D)). The element of the right 
hand side gives an equation of the divisor on the big torus as a Laurent polynomial. In the 
following, when we talk about the equation of a divisor we mean a corresponding element / e 
®m£AnA/ Occasionally, we will consider / as an element of the field of fractions Quot {Ox) 

in which T{X, Ox{D)) naturally embeds as {q | div(g) > —D}. In the following, we always consider 
a fixed translation representative of A. 

Lemma 3.2. Let Z he an effective divisor on X which is linearly equivalent to D and is given by 
an equation f . There are isomorphisms 

\-z''' Xt{X,Ox{Z)) and k- {z^)* ^T{X,Ox{Z)r . 

meAnM meAnA/ 

Proof. We have Ox{D) = f ■ Ox{Z) in the field of fractions of Ox- This induces the 
isomorphism of global sections and the one for their duals. □ 

Set N = IIom(A/, Z), and choose some equation / = X^meAnA/ '-'^ ^ divisor Z. Using 
Lemma 13.21 we define the log derivation map 

9z : (iV e Z) ®z k ^ T{X, Ox{Z)) 

via (n,a) ^ f^'^d(^n,a)f = /"^ EmeAnA/ a), (™, l))^:'" and denote its image by V. Note 
that neither V nor dz depends on the scalar multiple of an equation. However, dz depends on the 
translation representative of A whereas V doesn't depend on it. In Remark 13. 301 we discuss what 
happens if we move A. We define the cone C(A) = {EugaI"! ^'v{v, 1) | A^, > 0} C {M © Z) ®z R- 
where Al'^l is the set of fc-dimensional faces of A. Let LC{A) denote the linear subspace generated 
by C(A). We define Ta = {LC{A) n (M Z)) ®z k and think of it as the k- valued tangent space 
of the cone. 

Lemma 3.3. If Z is a semi-ample effective divisor on X with Newton polytope A, then 

^ fi: ^ (iv © z) (g)z k ^ y ^ 

is an exact sequence and thus dim V = dim A + 1 . 

Proof. We show dimV > dim A + 1, then the assertion follows because LC(A)-'- n [[M © 
Z) ® k) clearly lies in the kernel. Let / be an equation of Z. By the hypotheses, /„ ^ for 
V e A[°1. Let {wi, Vn\ be a dim A + 1 element subset of A^ whose convex hull has dimension 
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dim A. For each 1 < i < n, choose £ {N © Z) k such that {rii ,{vj,l)) — 6ij , the latter being 
the Kroncckcr symbol. Consider the composition 



(TV © z) g)z k -> r{x, Ox{z)) \.r^z"^ 



i=l 

where the last map is the natural projection ®,„gAnA/ "^Z^^-^™ ^ ®7=i^f^^^^'- The image of 
m is fvif~^z'"\ Therefore, the map is surjective, and we are done. □ 

We define the "tangent space" Ta = {a - {x — y)\a G k,x,y 6 A^*'!} and obtain an exact 
sequence 

O^TA^TA-^k^O 

where h is the height function coming from the projection to the Z summand. The above lemma 
induces an isomorphism (dz)* ■ V* — ?► Ta- We may plug it into the Koszul complex to get an 
isomorphism of complexes 

... > K}-^{V,0{Z),m) -^—^ K.\V,0{Z),m) ... 



... > Ox{{l-l + m)Z)®y,[\^ 'Ta > Ox{{l + m)Z)®i[\'T^ > ... 

We denote the complex in the lower row by IC'{T^, Z, m). This complex will play a major role in 
this paper. We now give an explicit description of its differential. 

Lemma 3.4. The differential of K'{T^,Z,m) is 



|id®A'( 



dz:u®a^u- ^ /m^z" © (to, 1) 



. - ^,,,.,.,Aa. 

meAnA/ ■' 

Note that in the lemma, we understand jz"^ as a rational function. 

Proof. Let us take a look at the composition T{X,Ox[Z))* V* Ta. Its dual map 
sends {n, a) to EmeAnA/ a); ("^, so we have 

fiz"^r = if''z^r ^ ((n,a)^/„((n,a),(m,l)))=/™.(TO,l) 

Now it is straightforward to see that the Koszul differential M©a i~> ^'X^meAnA/ jz"^®{jz™)* Aa 
transforms to dz as given in the assertion. □ 

Recall the non-degeneracy definition from before Def. 11.11 The set of non-degenerate divisors 
form a Zariski open set in r{X, Ox{D)) which can be deduced from Bertini's theorem, see [8]. 

Lemma 3.5. If Z is non- degenerate, then V is base-point free. 

Proof. See [2], Prop. 4.3. □ 

Lemma 3.6. Let Z be a semi-ample effective divisor on a toric variety X whose Newton polytope 
is A. For m G Z, we have 

H\X,Ox{mZ)) =0 forO<i < dim A and for i > 0,to > 0. 
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Proof. This is easy using the techniques of [ |15j . 3.5]. The part for m > is, in fact, the 
CoroUary in loc.cit.. By similar arguments, the remaining part can be reduced to showing that 
ff*(IR",M"\C;k) = ff^(M";k) = for < i < dimA where C is either empty or a polyhedral 
cone whose largest linear subspacc has dimension codimA. The empty case is trivial, otherwise 
one may use i?^(R";k) = i?'-i(M"\C; k) for i > 1 and 7Jg(M";k) = 77(^(M";k) via the long 
exact sequence of relative cohomology. There are two possibilities, either C is a linear subspace or 
it is not. If it is not then its complement is contractible and we are done. If it is a linear subspace, 
its dimension is d = codimA. Then i7*~i(M"\C; k) = i7*-i(R"-'^\{0}; k) which vanishes for 
{i-l)<n-d-l i<dimA. □ 

Proposition 3.7. Let Z be a non- degenerate divisor on a toric variety X with Newton polytope 
A. Set n = dim A + 1 and HK^{V,Z,m) := H'a.T{IC*iV,Ox{Z),m)). We have 



HK\V,Z,m) 




for i ^ n 
k A" V* for i = n. 



Remark 3.8. Using elementary results from Section l373l to show R{Z)n+m = for m > 1, this 
generalizes the d = 1 case of the vanishing theorem |17j . Thm. 2.2 to toric varieties. 

Proof. By Lemma [331 we have n = dimV*. The case Z — 0, i.e., i?(Z),>o ~ 0, is trivial. 
So let us assume n > 1. 

Step 1: We first show the vanishing for i ^ n. The vanishing for i > n is clear. By Lemma [3.51 



and Lemma |3. 11 the complex /C*(y, Z, m) is exact, and we may interpret it as a resolution of the 
first non-trivial term. Hence H'{X, 0{mZ)) = /C'>°(V^, Z, m)). The vanishing for i = 0, 1 

follows from the left-exactness of the functor P. By Lemma [3751 if m > 0, we are done because the 
Koszul complex is an acyclic resolution of the first term, so its hypercohomology coincides with its 
cohomology after taking P. In general, we may consider the i?i-term of the first hypercohomology 
spectral sequence of /C*^"(y, Z, m). By Lemma [3751 it looks like 

H''-\X,Ox{{m + l)Z))® /\^V* % H''-\X,Ox{{m + 2)Z))® l\^V* % ••• 




H''{X,Ox{{m + l)Z))® % H'>{X,Ox{{m + 2)Z))® S'V* % ••• 

Note, that the di-cohomology of the bottom sequence is what we are interested in. The 
spectral sequence differential 

s s+k 

dk : H"-\X, Ox{{m + s)Z)) ® /\V* ^ H^-^X, Ox{{m + s + k)Z)) ® f\V* 

hits the bottom line for k — n. Thus, the leftmost term it reaches is the one with A"^^ V* which 
is zero. Hence the sequence degenerates at Ei and we have for < i < n — 1 

= H'\X,0{mZ)) = B:'+\X,IC'>"{V,Z,m)) = HK'+\V,Z,m). 

Step 2: Now, let's have a look at the last two non-trivial terms in the Koszul complex which 
arcr{X,Ox{{n-l + m)Zj)(g)t/\'"~^V*^T{X,Ox{{n + m)Z))®kA'^V*. Using the identification 
yyn-i Y* ^ Y yy" Y*^ this map is canonically isomorphic to the map 

r(X, Ox{{n - 1 + m)Z)) ®fe U ^ P(X, Ox{{n + m)Z)) 
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tcnsored with the identity on /\ V* . Its cokernel is thus -R(2^)(„_|_,„) (E)^ 

Corollary 3.9. Let Z be a non-degenerate divisor on a toric variety with Newton polytope A. Set 
n = dim A + 1 . We have 



F^r(/c(rA,z,m)) 



for i ^ n 



R{Z)n+m ®k A" for i^n 



Proof. We apply the log derivation map and the contraction by h which yields /\" Ta = 



For an injection of k-vector spaces Ta we define W by the cocartesian diagram 

Ta > W 



Ta > W 

and the complex K} (VF, Z, m) Ox{{l + m)Z) CSi^ A' W for varying I with "the same" differential 
dz- A good way to think of K}{W, Z, m) is as being the Koszul complex K}{T^, Z, m) pulled back 
from some higher dimensional toric variety X in which X embeds equivariantly, see Lemma I3.3II 

Lemma 3.10. There is a non-canonical direct sum decomposition of the complex 

b 

}C'{W,Z,m) = ^K'~\TA,Z,m + h)®t f\W/TA. 

b>0 

Proof. The inclusion Ta ^ W induces a filtration of A' W for each I which splits as /\'' W = 
0&>o A TA<E)kA W/Ta because we are dealing with vector spaces. The differential dz respects 
this splitting going 

l-b b l+l-b b 

dz : Oxiil + m)Z)® /\fi^® /\W /f^ Oxiil + l+m)Z) ® /\ fi^®/\W/f^ 

The result is now just a matter of identifying the terms on the left of the right tensor symbol with 
the complex for Ta and using W /Ta = W/Ta- □ 

Even though the splitting of the complex is not canonical, in a sense, the splitting on coho- 
mology is. For a vector space T, we occasionally write T for /\'^"^^'^ T. For an inclusion of 
vector spaces T ^ U, whenever there is no confusion with another inclusion, we write (A* T)i for 
the degree I part of the exterior algebra ideal in A' U generated by A* T. We set n = dim A + 1 
and HK(W, Z, m) := H'J'mW, Z, to)). 

Proposition 3.11. With the above notation, we have 

HK\W,Z,m) = R{Z)i+,n®y.{K'°''TA)i_^ 

= R{Z)i+,n ®k A'""" ^A ® A'^" W/Ta 

Proof. Using Lemma 13.101 we have the non-canonical decomposition HK\W,Z,m) = 
0^>o HK^-^{Ta, Z, m+h)®^^ W/Ta- By Cor.[3J]the only non-zero term on the right hand side 
is the one where I - b = n. Hence, we have HK'{W, Z, to) = i?(Z)™+„+6 ® A*°^ (E>k A^ W/Ta 
for b = I — n. It remains to prove the canonicity. Consider the canonical filtration 

; 1 n 

AW^ = ( A^a), ^{^fA), D ••• D ( A^a), d {0} 
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The desired cohomology group comes from the non-trivial bottom term, more precisely, it is the 
cokernel of the left vertical arrow in the diagram 

0{{m + l)Z)®{f\''f^)^ O((m + 0^)® A"rA® A'""W^/T^a 

|dz |(dz®id) 

o{{m + 1 - i)z) ® { A""' rA);_j o((m + 1 - i)z) ® A""' ® a'"" w/f^ 

The bottom map ^ is the only non-canonical map. It is supposed to be a section of the right 
non-trivial map in the exact sequence 

n n— 1 n— 1 l — n 

^ ( A rA),_, ^ ( A ^ A ® A w^/^A 0. 

Then any choice of ^ makes the diagram commute, because 0{{m + / — 1)Z) ® (A" ^^a};-! is 
contained in the kernel of the left vertical map. Thus, we get a canonical identification of the 
cokernels of the vertical maps which shows HK\W,Z,m) = C (g) f\" Ta (E) f\ W /f^ where 
C = coker(g) and q : T{X,Ox{{m + l - l)Z))(E)f^ ^ T{X, OxHm + l)Z)), u® n ^ u ■ {^dnf). 
We see that C = R{Z)i+rn- Let denote the contraction by the natural projection h : Ta ^ k- 
We can apply the isomorphisms 

• iih): A'^Ta^ A^'^'^^Ta 

• W/Ta = W/Ta 

• (A*°'rA)i^A'°''7^A®A'"''""^"W^/7^A, atop /\ aw ^ atop® [aw]. 

to obtain the result. □ 

3.3. Jacobian rings and Newton polyhedra. We wish to analyze the relation of R{Z) 
to Jacobian rings in this subsection. We stay with the previous notation and assume here that A 
is a simplex and define a relatively open subset of its cone by 

C{A)\/ = C{A)\ y («,1) + C(A). 
Xdgam 

It is easily seen to be the half open parallelepiped C(A)\'' = {X^ugaIoi '^viv, 1) | < At, < 1}. For 
each I G Z>o we may intersect this with the hyperplane {(m, | m £ Af ®z M} and project to the 
first summand to have 

A^'/ = { XI Kv\0<K <iJ^Yl ^"^ c r A. 

This space was already defined in [5, Ch. 9. One finds A^'/ = <^ Z > |A[°1| = dim A -t- 1. This 
gadget has nice functorial properties. For a subset S C R", let relint S denote the relative interior 
of 5* in spaujg 5*. 

Lemma 3.12. We have 

a) A\'/ n (/ • F) = b) A\'/ = ]J relint F\'/ 

_FCA 

where in each of these F <Z A is supposed to be a face. 

Proof. To see that a) is true just note that a face F is determined by the set of vertices it 
contains. It is then given by points of A for which Xy ~ whenever v ^ F. Then a) easily follows 
and b) is a consequence of a). □ 
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Definition 3.13. Wc denote by F^'/ (Z) the subspaces of T{X, Ox{lZ)) generated by the images 
of under the first map in Lemma 13.21 for which m G A^'/. This is independent of a particular 
equation of Z. 

We consider the monoid ring k[C(A) n (M ® Z)] which is Noetherian and graded by the second 
summand. Assume that we are given a homogeneous element of degree one / = X^meAnA/ fmZ^™''^'^ ■ 
One defines the Jacobian ideal of / by 

J J ^ {d,J I n e Hom {M ® Z, Z)) 

where 9„/ = X]meAnM(("^' 1)' '^)/™'^^"''^^- Relating to Griffith's work, Batyrev has used the 
notation Rq , Ri for two types of toric Jacobian rings in [2] . In [6] , Borisov and Mavlyutov have 
picked up this notation. 

Definition 3.14 (Batyrev, Borisov, Mavlyutov). We set 

i?o(/, A) = k[C(A) n (M ® Z)]/Jf. 

and define A) as the subspace generated by lattice points in relintC(A) which yields a 

module over Ro{f, A). 

We can put a ring structure on R{Z) by writing it as the quotient of the global sections tensor 
algebra T{X, Ox{»Z)) by the ideal generated in degree one by the linear system of log derivatives 
V. 

Lemma 3.15. There is a graded ring isomorphism 

R{Z)=Roif,A) 

which is canonical up to a multiplicative constant. 

Proof. We obtain the inverse of the desired isomorphism via the unique ring map induced in 

degree one by ®meAnM^' ^''"^'^'^ r(^i ^x{Z)) as given in Lemma [3T2] It maps the respective 
ideals to each other as can be seen from the definition of the log derivation map. The remark about 
the multiplicative constant addresses the fact that i?o(/, A) = Ro{af,A) for a G whereas the 
isomorphism depends on a. □ 

We define the vector space k'^^'^'^^-^ = | J2meAV/nM '^m^™ | G k} ■ 

Lemma 3.16. Let f G k[C(A) n M ® Z]i be arbitrary. The map 

k'^'''"*^^i?o(/,A)i 

given by sending z™ to z^™'') is an injection. 

Proof. We call an / with the property 7^ 7ti G AI"! Fermat. Note that the lemma 
is true for all Fermat / because then Jj = (z^^'^^jw G A^*'!) and its degree I part is (J/); = 

. The kernel of the map in the lemma gives a coherent module 

on the space Speck[/m|m G A n M] of all /. It is trivial at Fermat points and therefore also 
in a neighbourhood U of these points. There is an operation of the torus Gm(k)^'^^^ on this 
space under which k'^^ '^^^ is invariant. Wc deduce the result for all / which lie in an orbit with 
non-trivial intersection with U . The other / can easily be checked directly. □ 

We call / non-degenerate if the corresponding Z is non-degenerate. 



{m,l) 
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Proposition 3.17. /// is non-denerate then, for each I, the map 

given by sending z™ to z^™'') is an isomorphism. 

Proof. It is not hard to see that if / is Format then Z is non-degenerate and we saw in the 
proof of the previous lemma that for these / the assertion is true. The result then follows from 
Lemma 13.161 and [[2]. Thm. 4.8] which states that two linearly equivalent non-degenerate divisors 
have the same graded dimensions for their Jacobian rings. □ 

A general lattice polytope can always be triangulated by elementary simplices, so they form 
the building blocks of lattice polytopes. A special case of these is the standard simplex which is one 
that is isomorphic to the convex hull of and a subset of a lattice basis. Gross and Siebert required 
these in |20j for the outer monodromy polytopes to make their Hodge group computation work. 
Here is how these relate to Jacobian rings and thus to the cohomology of the Koszul complex. 

Lemma 3.18. For a lattice simplex A with lattice M, the following are equivalent 

a) A is standard 

b) rehnt (n • A) n Af = for n < dim A. 

c) Roif, A)i = for I > and some non- degenerate f . 

Proof. Without loss of generality, we may assume that dim A = rankM. Set d = dim A. 
Note that b) is equivalent to relint (c?A) n M = 0. By applying a translation, we may assume 
that some vq € A^^l is the origin. Let vi,...,Vd be the other vertices. They form a basis if 
and only if there is no lattice point other than the vertices contained in the parallelepiped P = 
{12i=o ^i'^i I < < 1} spanned by these vectors. Note that P C d ■ A and 

Prid{d- A)^ {Eti v^}U{xeP\x = Yf,=i ^iVi with some A, = 0}. 

To see the implication b)=^a) now assume a) doesn't hold, so there is some lattice point x = 
E \iVi S P which isn't a vertex. We may assume A; > by adding Vi if necessary. Now 
X ^ P f] d[d ■ A) and therefore x G relint (dA) n M. We get a)=>b) by repeatedly subtracting Vi 
for each 1 < i < d from an arbitrary x E relint (dA) n M as long as the result x' is still contained 
in dA. We have x' E P and x' isn't a vertex of P. 
By Prop. 13.171 c) is equivalent to 

A\'/ n M = for each I > 0. 

By the same argument as before, A is non-standard if and only if there is x' ~ X^iLi ^i'^i G 
with < Ai < 1 and some A^ > 0. For such an x', set I ~ {i \ Xi > 0} and let F be the face of A 
which is 

^ I the convex hull of {vi,i E 1} if Ai G N 

I the convex hull of and {vi, i E 1} otherwise 

Let I be the smallest integer greater or equal to X^ie/ = I ~ Sie/ ^' ^ ^^'^ 

and by Lemma [3.121 a) we have x' E A^'/ which proves c)=4>a). Using Lemma [3. 121 a) again, the 
converse becomes clear because a; = X]f=i ^i^i ^ relint (F^'Z) for some I > and some face F C A 
yields an clement x + X^i-A =o ^ relint (c?A), i.e., b)^c). □ 
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3.4. The Koszul complex and log differential forms. We use the notation and setting 
from the previous section, i.e., we have a toric variety X and a non-degenerate semi-ample Carticr 
divisor Z with Newton polytope A. Let D here, unlike in the previous section, denote the boundary 
divisor of X, i.e., the complement of the big torus. For a normal variety Y with an effective Cartier 
divisor E we denote by f2y^^(log (E')) the sheaf of differential r-forms with at most logarithmic 
poles along E. In general this doesn't need to be a coherent sheaf. In our situation dealing with 
a toric boundary divisor, however, this will be the case. For an Oy-module J-", as usual, we set 
T{E) = F ®Oy Oy{E). Note that there is a canonical isomorphism 

r 

n^^/^{\og{D))^Ox ®zf\M 
by mapping u ® mi A ... A on the right to u ■ A ... A ^^^^ on the left. 
Lemma 3.19. For each r there is an exact sequence 

^ n'x/^iiog{D + z)){-z) ^ ^'xd^ogD) ^ n^z/u(iog{D nz))^o 

Proof. The first two non-zero terms are naturally contained in the sheaf of rational forms. 
We check that the first injects in the second. Let 5 be a function on an open chart which is 
invertible outside D U Z. By the local irreducibility of Z, we may assume that on that chart Z is 
irreducible. Let / be a local equation of Z. Either g is invertible outside D ot g = g' ■ with g' 
invertible outside D. Assume the latter, then 

dg fdg' + kg'f^-^df fdg' + kg'df fdg',,. 

f ■ — = f jj—, = } = —r + kdf 

9 f 9 9 9 

is a form with at most logarithmic poles along D, so the first non-trivial map is well-defined 
and injective. We also see that n^^,j(log(£) -t- Z)){—Z) is the subalgebra of V,^^^{\ogD) locally 
generated by / and df. This is the kernel of the surjection to il'^ ^^^(iog {D n Z)) and we are 
done. □ 

Remark 3.20. a) If is a normal crossings divisor on a complex manifold Y, then 

H^{Y\E, C) = H'^-(^, ^Y/Sog{E))) and H^{Y\E, C) = W'iY, n*y^^{\og{E)){~E)) where 
He is cohomology with compact support. We have, so to say, combined these two con- 
cepts. 

b) One can show that if Z is non-degenerate, we have a toroidal pair {X, D + Z) in the sense 
of [8]. For such a toroidal pair (Y,E), Danilov defines ^'y e) kernel of ^y^^ — >■ 

where the sum ranges over the irreducible components of E. The author 
calls these modules differential forms with logarithmic zeros. For k = C, he then shows 
the degeneration of the hypercohomology spectral sequence of ^'y the Ei term 

(see [9]). In [2], Batyrev uses the Poincare dual fiy (log(£')). Our constructions reside 
somewhere in between these two and are determined to be used as local contributions to 
the Hodge data of toric Calabi-Yau degenerations. 

For each rationally generated subspace T C M (xj^ k, in other words, for each saturated Z- 
submodule T n M of M, we can view Ox <8>k A*^ T as a free submodule of f25f/ij;(log D) which we 
wish to call T D ft^^^j^{\ogD). As long as we make sure that locally df G T D f2^^^(log _D), i.e., 
Ta C T, we obtain by the previous lemma an induced exact sequence 

^ T n n^x/ui^og {D + z)){-z) ^ T n n^x,v(\ogD) ^rn n^^/tOog (d n z)) ^ o. 
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This sequence will be of most interest to us in the case where T = Ta- Let h : Ta k denote 
the canonical projection as before. Given Ta ^ W , we also define it for W . There is an exact 
sequence 

Definition 3.21. Given an inclusion Ta ^ W , we define a map 

r 

by the composition /^(l^, Z, -r - 1) ^ IC+^iW, Z, -{r + 1)) = Ox ®k A"^^^ ^ '"^^^^ ®i 
/\^ W where means contraction by h. We mostly write tt for tt^ . That the image lies in /\^ W 
inside /\^ W can be seen by applying to the exact sequence 

^ /\w ^ /\w ^ W /W /\W ^ 0. 



Lemma 3.22. Let f be an equation of Z. Using Lemma \3.°A the map tt'" is explicitly given by 

meAnM ^ 

u®{vha)^u- ^ /m^z™ (g) ((i; - m) A a) for r > 

where a G /\' ^ W and v ~ (v, 1) for a vertex u 6 A. 

Proof. The map dz was already given explicitly in Lemma This lemma directly follows 
by composing with □ 

For the next theorem we need the following elementary lemma 

Lemma 3.23. a) For a vector space V , a subspace T of codimension one, v G V\T , a G 

/\^ ^ V and u A a G /\' r, we have f A a = 
b) For a vector space V, a subspace T of codimension k, Vi,...,Vk G V which are linearly 
independent modulo T and ai, ak G /\^ ^ V we have X^iLi ViAai G /\'^ T =^ X^iLi 

Qfi = 

Proof. It is clear that b) implies a), so we only need to prove b). Because vi, Vk descend 
to a basis of V/T, they induce a splitting V = T Q) V/T. This in turn induces an isomorphism of 
graded algebras A' ^ = ®j>o A'~^ T (g) A^ V/T. By construction m £ /\° T (g) /\^ V/T so wc have 

Y.Ll^^^c,^ G e.^iA'^'T'^A' W?^- OnthcothcrhandA''r = 0j.^oA''~'7'®A'^/T. This 
implies the assertion. □ 

The following theorem is going to tell us that the Koszul complex resolves the sheaves Ta H 
ri^^ii^(log (D + Z)){—Z). Later, we will be using this resolution to compute the cohomology of 
these specific log differential forms which are the building blocks of the log Hodge sheaves on a 
h.t. toric log Calabi Yau space as we will to see in the next chapter. 

Theorem 3.24. For each r there is an exact sequence 

0^/C"(rA,Z,-(r+l)) ^/Ci(TA,Z,-(r + l)) 

... /C'XTa, Z, -{r + 1)) ^ Ta n n^x^logD) ^ Ta n f^^/Jlog {D n Z)) 0. 
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Proof. The exactness of the first part follows by the overall non-degeneracy hypothesis, 
Lemma [3.51 and Lemma [3.11 Moreover, the sequence is exact at K7{T^, Z, — (r + 1)) if and only 
if is injective on the image of dz ■ /^(rA, Z, -(r + 1)) ^ /C+^Ta, Z, -{r + 1)). Note that 
1C+'^{Ta,Z, -{r + 1)) = Ox® Ta- We have kernt(/i) = Ox ® A'' Ta. We may consider the 
map dz over the field of fractions Quot (Ox) in which OxilZ) canonically embeds for each /. The 
advantage is that via Lemma 13.41 the map dz is then given by wedging with an element dF of 
Quot (Ox) ® Ta which is not in Quot (Ox) ® Ta- Applying Lemma [3.231 a) yields 

r 

dF A a e Ox ® /\Ta ^ a = 0. 

This finishes showing the exactness at IC^{Ta, Z, —{r + 1)). By Lemma [3.191 the only thing left 
to prove is that 

im (Tr--) = Ta n n^x/ui^og {D + Z)){-Z). 

We take a look at the image of -k^ in a toric chart. Let cr be a maximal cone in the fan of X and 
U — Speclk[Pcr] the corresponding chart where P^r = tr^ n M. There is a unique vertex w g A 
such that A — w C cr^ (otherwise cr^ would have to contain a straight line which is impossible for 
a full-dimensional a). Choose the standard local trivialization Ox{—Z)\ij = Ojj such that the 
section jz™ is given by Let us first consider the case r = 0. By Lemma r3.22[ the map tt'^\u 

becomes multiplication with J2,neAnM frnz"^^" which is just an equation of Z on U . Thus, the 
case r = reduces to the standard sequence 

Q^Ox{-Z)^Ox^Oz^Q 

which is exact. Now assume r > 0. By Lemma l3.22| the map tt"" becomes 

^'\u ■■ Ou ®t K Ta Ou®kKTA 

u®w Aa ^ u- X^meAnM /mZ""" <^ (w - m) A a. 

In other words, the image of 7r''|[/ is the degree r part of the exterior algebra ideal in Ou ® /\* Ta 
generated by 

L.^ := frnz"^^" ®{w-m) for w £ A™ . 

r?j.GAnj\/ 

We set fij X]?rieAnA/ fmz"''~"- As we already mentioned, this defines Z nU. We have 

= EmeAnJ\/ /mz™"""^^ as an element in rJx/k(logI>) 

= dfu, 

Lw-Ly = EmeAnM fniz""-" 8) ((m -w)-{m~ v)) 

= E™eAnM/™^'"-''®(""«^) 
= fu 'SS) {v -w). 

The set {v — w\w G AI*^!} spans Ta. With the same argument as at the end of the proof of 
Lemma [3.191 where we described Ta D il^^^^{\og{D + Z)){—Z) as the exterior algebra generated 
by fu and dfu, we see that im (tt'') = Ta fl f2^y,^(log {D + Z)){—Z), and we are done. □ 

Corollary 3.25. For each r £ N>o, there is an exact sequence 

-^/C°(M^,Z,-(r + l)) ^/Ci(M^,Z,-(r + l)) 

r 

... ^ IC^iW, Z, -(r + 1)) ^ Ox /\W ^ coker (tt) — > 0. 
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Proof. This follows from Lemma [XTUl and Theorem 13. 2^ □ 
Wc wish to give the generalized 51^^,j(log {D + Z)){—Z) a fmictional name. 
Definition 3.26. Given an inclusion Ta 'H- we define C'^{W, Z) by the exact sequence 
]C'-\W,Z,-{r + l)) ^lC''{W,Z,-{r + l))^C''{W,Z)^Q. 
By Corollarv l3.25l we have 

^'(ly,^) =im(7r'-). 

Proposition 3.27. For each r, there is an acyclic resolution 

^ C'iW, Z) IC''+\W, Z, -(r + 1)) ^ ... ^ JC^^'^'^iW, Z, -(r + 1)) ^ 

which is functorial in W . 

Proof. The exactness, once again, follows fi-om the overall non-degeneracy hypothesis. 
Lemma 13.51 and Lemma 13.11 Acyclicity follows from Lemma 13.61 For Ta ^ W , a TA-niap 
W W clearly induces a map t\ W ^ /\^ W for each I and a map of complexes /C*(VF, Z, — (r + 
l))^K'{W',Z,-{r + l)). □ 

Corollary 3.28. If Z we have for all r,p 

top 

HP{X,C\W,Z)) = HIC+P+'{W,Z, -(r + 1)) = ®k (/\Ta).+p, 

in particular, HP{X, C'^{T\, Z)) = for p + r ^ dim A. 

Proof. Forp = this uses r(/C''(W^, Z, -(r + 1))) =T{Ox{-Z)®i /\'' W) = 0, audit follows 
from Prop. and Prop. [XTT] □ 

Remark 3.29. We may naturally extend the de Rham differential on log forms by the unique 
derivation extending the following map on monomial functions 

z™ (g) a M> z™ ® TO A a. 

This map is compatible with the inclusions of C'''{W, Z) by Theorem 13. 241 In particular d is trivial 
on "constant differential forms", i.e., those where to = 0. 

Remark 3.30 (Moving A). Recall that we have fixed a translation representative of the lattice 
polytope A which is the Newton polytope of the non-degenerate divisor Z. We want to discuss 
now what happens if we move A. Set Tr = span^ {v — w\v,w S AI*^!} Assume that we have two 
embeddings pi : A ^ Tk, p2 : A '--s- Tr which differ by a translation by some integral vector 
V G Tr, i.e., P2 = Pi + V. For any Ta ^ W , this induces an automorphism 

Sv :W ^W, w ^ w + L.{h){w) ■ V 

which maps the cone over pi(A) to the cone over p2(A). Moreover, it induces an isomorphism of 
complexes 

/C;^(M/,Z,r)^^"/C;,(Ty,Z,r) 

where we use the indices pi, p2 to denote by which translation representative the complex is 
constructed. To see this, consider Lemma l3.4l This isomorphism coincides with taking the detour 
via V* , i.e., — d^^^o (9^^^)"^, see the proof of Lemma [3.41 An important point is that the 



28 



HELGE RUDDAT 



map tt' commutes with Sy which follows from Lemma 13.221 The cohomology of K,* is invariant 
under Sy because Ta is. Having said all this, whenever /C* comes up in this paper, we keep 
the position of the polytope arbitrary and just need to make sure that all additional constructions 
commute with translations of A. 

Lemma 3.31. Let A' be a face of A and X' the corresponding toric suhvariety of X . We assume 
that Z is nan- degenerate and so Z' = Z Cl X' is also non-degenerate. There is a canonical 
isomorphism of sequences on X' 

... > K.''{Ti^,z,-{r + — - — > Ta n ni/i(iog_D)|,f, — — ^ Ta n nj/s(iog (D n z)) | ^ 

■ ■• > /C''(Ta, Z'. -(r + 1)) > Ox'®ATa > cokcr(7r) -> 

where the bottom sequence comes from T/^i ^ Ta. More generally, given T^> ^ W , we have an 
analogous isomorphism IC'{W, Z, — (r + l))\x' — > /C*(W, Z' , —(r + 1)). 

Proof. By Remark 13.301 we can move A in the unique position such that A' embeds in it 
as the face corresponding to the stratum X' in X. Let / be an equation of Z then /' = f\x' 
is an equation of Z' on X'. The vertical isomorphisms are induced by Ox{lZ)\x' = Ox'{lZ') 
for varying I. The lemma becomes clear after checking the behaviour of the differential after 
restriction to X' . The differential in the upper row is 

u^a^-^u■ ^ /™(/"^2:™)|x' ® (to, 1) A a. 

meAnM 

Since f-'^z"'\x' = for m ^ A' and = (/')"^^" for ™ G this is just 

u^a^u- ^ /,„(/')"^z™ (g) (m, 1) A a. 

meA'nM 

which is the differential in the lower row. □ 

4. The cohomology of '^(rj'^) 

4.1. An acycUc resolution on a stratum. In this section we wish to apply the construc- 
tions of chapter [3] The key object will be C^{--.) for various parameters. The overall hypothesis 
is now that X is a h.t. toric log CY space. This implies that, for each t, there is only one 
Zr, At-, At-, D.^ , Rt , respectively. We will implicitly use the following lemma a lot. 
Lemma 4.1. Let e : ti — >■ T2 in The following are equivalent. 
ijWenA^iJ) ii)e<EA 
Hi) Zr^ n 7^ iv) Zr^ n = Zi-j 

v) There is some h G £1t-2 which factors through e. 

vi) There is some h £ R^^ which factors through e. 

vii) A T2 ^ e ^[11, pe ^^'^'"■''^-^\k^p^Q] ^ 

Proof, iii) and iv) are equivalent by the h.t. property. ii)=^' i) is trivial. The inverse direction 
is clear if ti ^ T2 because e is the only edge of nontrivial intersection with We- If ti = T2, then 
e is a point which is contained in every edge of A n We- The equivalence of ii) and vii) follows 
from the description of A and v)<t^ vi) <^ vii) is trivial. It remains to show that ii) is equivalent 
to iii). If Zt-j = then the negation of vii) follows. On the other hand, vii) implies Zr^ ^ via 
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Lemma |2. 11 so we may assume Z^-^ ^ 0. Because Z^^ C X^^ is a divisor not containing any toric 
stratum and C is a stratum, we have 

Zr^ n 7^ ^ Zr^ n Int (X^, ) 7^ 0. 

By the assumption Zr^ ^ there exists ^1^' 9 — > ti which represents an edge contained in A. 



By Lemma [2. 11 

e o /i e A ^ z^,,r\Xr^^% ^ n Xr^ n ^ ^ n x^, 7^ 0. 

We therefore need to show that eGA<^eo/iEA but this is just ii)<^v) which we have 
shown aheady. □ 

Remark 4.2. Note that possibly Zr^^Z^^ ^ but Zr^ n X^^ = 0. This happens if we have a 
diagram 

Wi ^ Tl ^ pi 




a;2 ^ T2 *- p2 

where none of the maps factors through any other map and K.^^p^ , K,^^p^ > 0. In other words, the 
points idi-j and id ,-2 might be contained in A but not the connecting edge. 

Definition 4.3. Let M be a lattice, a some lattice polytope in M^^M, S its normal fan. Let be 
a piecewise linear function with respect to S coming from another lattice polytope A^ C M ®i R 
in the sense of Lemma [231 Let r C cr be a face and f G S the corresponding cone. We can restrict 
-0 to the star of f [see (15j . p. 52] and obtain a piecewise linear function on the normal fan of r 
which comes from a face of A^-. We denote this face by 

A^ nr 

because it is the intersection of A^- with a translate of the tangent space of r. 
Definition 4.4. For any e : ti — > T2, we define Zf, = Z^ D Xt-2 and polytopes 

Ae = A-n r\T2 ~ Newton (Zg) and 

Ae = A^, nn. 

It is not hard to see that we get a similar statement as in Lemma [2^ There are surjections 

{ edges of Ae} ^ ti A ra ^ p | k^p 7^ 0} ^ { edges of Ae}. 

In particular, Ae = {0} if and only if e ^ A. The following lemma is a direct consequence of 
Lemma |4. II and the definition of h.t.. 

Lemma 4.5. For e : ti — > T2, we have 

Ze,Ae,Ae=| ^ ^ ^ 

\ 0,{O},{O} ife^A. 

By the naturality of Prop. [2271 we have, for each r and ^'"l 9 ti A r2, a commutative 
diagram of Oxx, -modules 

^■(AhZe) Ox.., ®^KAi 

(4.1) 
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where the vertical maps are injections. Using Lemma lS.l'Dl to decompose the C's into C '^{T^ ,Ze)'s, 
one finds that the diagram is cartesian. We thus have 

Lemma 4.6. The sequence 

r r 

is exact where the first non-trivial map is {C^'{A-^ ^ — tt) anrf t/ie second is tt + id ^/\^ {A^ ^ 

L). 



Adapting Prop. I^TTUl to the h.t. situation, we get 



iF,ieyn'r,)/Tors= f| kern ^.(eog)*^]^ ^. 



'.(9i«-Vert(„))l(z^)t „r-l 



(Zc)t/kt 



We are going to use the canonical identification fij", = fi^^ (log = Ox^ "SJk A'^ ^^.k as given 
in |20| . Lemma 3.12. Pulling back differentials simplifies to restricting functions and thus 



A choice of splitting A^.^ = © A^/T^ © A^j^k/A^ induces an isomorphism 



r~a — h 



a,b>0 

This induces a decomposition 

r—a—h 



F^ieogyn: - (T^^ n fi^^^/,(iogi?,j) A ^^/Ta^ ®^/\K^jAi. 



a,6>0 



Proposition 4.7. Given a choice of splitting as above, the image of the inclusion of {Fs{e)*^V^^) /Tors 
in Fs{e o g)*il^ inherits a decomposition as 

w., 



where 



for 6 = and 



a,b>0 



r — a — b 



Wa,6 = Ox^^ ®k A ^A. ®k A ^elTK, ®k /\ A.,k/A^ 



r — a — b 



Wa,;, = kern (res '^)®k A I^K^^^k /\K.k/ A^ 
forb>0 with Tcs" : T^^ n 17^^^/^(logi:»^,) ^ T^^ n r2|_^/^(log {Ze n z?^,)). 

Proof. Note that the assertion is trivial if e ^ A because then, by Lemma H31 = 0, Ag = 
{0}, A^ = A.„ and so only the component with 6 = contributes. Let us now assume that e £ A 
which implies Z^ = Zr^ , Ag = A^-i , Ag = At^ using Lemma 14.51 We are going to show the 
existence of such a decomposition first. This is a consequence of Prop. 12.101 together with the 
following two observations 
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(1) For each w ^ Vert (w). t(i9j„_voit (t>)) respects the decomposition in the sense of being the 
identity on the first two tensor factors when written down as 

r—a—b b 



r—a—h 6—1 



(2) The restriction to respects the decomposition by being res" on the first and the 
identity of the last two tensor factors being written as 

r—a~h b 



r—a—b b 



(Ta^, n n%^^ /.(log {Zr, n Dr,))) ®t A /Ta^, ®t A A-,k/A^, . 

Note that {w — Vert {v)\w ^ Vert (v), w G ArJ} generates 7a^^ and therefore 

n kern ( A ^''^ A ^^^^) = A 

which imphcs the assertion for the 6 = case. 

On the other hand if a is a form in a component of some a, b with 6 > then there is a w 
such that L(dw-v)a ^ 0. For a to be in Wa,b, we must have that i(9u,_t,)a restricts to under 
res . This, however, is equivalent to a itself restricting to under res . This finishes the proof. □ 



The following proposition adds to Lemma [ 
Proposition 4.8. Given e: t\ — > T2, there is a split exact sequence 

r 

where the last non-trivial map depends on e o g : v T2. It induces 

r 

FsierniJTors ^ Ox^, ® f\Ai ® (A„,m, Ze)/C'-(A^, Z^)) . 



Proof. From Lemma 14.61 we know that the beginning is exact and just need to care about 
the last term. As in the proof of Prop. HTTl the assertion is trivial for e ^ A. In the other case, we 
have Ze = Zr,_, A^ = A^^, A^ = A^,. Choose a splitting A^,,k = T^^^ ® A^JT^^^ © Ay^t/Ajr^. 
We are going to use Prop. 14.71 Given its notation, all we need to show is that 

r 

im(7r + id ^/\F{gy) = WaM- 

a.b>0 

By Lemma 13.101 the entire sequence splits up in a, 6-components. For the components with 6 = 
the assertion is obvious because 

r 

6=0 

which clearly coincides with the image. For 6 > we have by Prop. 14.71 

r—a—b b 

Wa,6 = kern (res ) ®k A /^A., A ^i-i/ A^^ 
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and by Theorem 13.241 kern (res") = im(7r") = C°'{T^ ,^t2)- Now, the assertion becomes clear 
by writing clown the a, 6-decomposition of C''(A„j5, Z^.^) which is 

r—a—b b 

□ 

By Prop. I3.27[ the exact sequence of the previous proposition yields an exact sequence of 
complexes where the right column is defined as the cokernel sequence. 



t t t 

jC-+^{A:t.Z,,~{r+l)) ^ /C'-+"(A„.t,Ze,-(r+l)) -» (i^, (e)* fi^^ , g) 

t t t 

f -|- II f 

t t t 





Proposition 4.9. W^e /laue an acyclic resolution 

Proof. This directly follows from Prop. 13.271 and Lemma 13. 101 □ 

4.2. Independence of the vertex. In this section we wish to show that the previously 
built resolution Q'(Fs(e)*f2^^,g) doesn't depend on g in the sense that for another g' there is a 
natural commutative diagram 

Q^{F,{eyn:^,g) ^ Q\F,{eyn^,^, g) ^ ... 

F^ieyn^JTors \ j 

g°(F,(erfi;,^') — ^ g°(F,(erfi;,<7') — ^ ... 

Before we go on, recall from Lemmma 12.91 that g : v ti induces a vertex Vert (g) G A^t} ■ 
We will sometimes also denote it by Vert (w). Since Ae G {A^-^, {0}}, we may also understand this 
as Vert (5) G A[f'. There is a dual version as well. The data ft, : t — ct G ^[^'^-^1 determines 
a maximal cone i^T^ in the fan St-, see [ jl9| . Def. 1.35], on which At- defines a piecewise linear 
function, so we can define 

Vert (h) G AM 

such that Ar - Vert (h) C . We also use this as Vert (h) G A[°'. 

Let us assume we have e : ri T2, two vertex embeddings v ^ ti, w ti and h : T2 ^ cr/i 
an embedding in a maximal cell. Set mh — Vert (/i) and irhh = {mji,!) G . We define an 
isomorphism 

as follows. Let jh be some path from w to w through the interior of a and T^^^ : A^^k — >■ A^^t be 
the isomorphism induced by parallel transport along jh- We set 

'^L,s™Ia,,s('^) = ^7h('^) + (™, Vert (.g„,) - Vert(g„)) • rhh, (f>g^^g^{mh) = rhh- 
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Lemma 4.10. Let v ^ ti, w ^ ti be two vertex embeddings. The isomorphism (f>g^^g^ defined by 
the commutative diagram 



krhh ® A^^ik krhh © A.w,k 

is independent of the choice of h : T2 ^ Uh- 

Proof. Step 1: The case where u, w are connected by an edge w. 
Let o : w — > T2 be the embedding of the edge in ti composed with e : ti — >■ r2 . Let h' : T2 ^ cf^' 
be another inclusion in a maximal cell and 7/1' a path from u to w through the interior of ah' ■ We 
have 

Note that Tl^J o T^^ ~ T^^^^-i is a monodromy transformation along the loop 7/1 o 7^/ based at 
V which is by [ |19| . section 1.5] (choosing d^ to point from v to w) given as 

= 777^+ (to, Vert Vert 

= 777^ + (to, Vert {g^) - Vert (g„))(Vert {h') - Vert {h)) 
= m + (to. Vert (g^) - Vert {gv)){rhh' - rhh) 

Using this and that Vert ih') — Vert [h) G is invariant under local monodromy, we get 

lA^.i (™) = ("^) - ('^^ Vert (.g„) - Vert {gv))mh 

= ^ih' ° ^7h07-/ ('^) " ("^^ Vert (5^) - Vert {gv))rhh 
= Tj^, (to + (777, Vert (g^u) - Vert {g^)){muf - rhh)) 

+ (777, Vert {g^) - Vert {gv))mh 
= T^^, (777) + (777, Vert (5^) - Vert {gv))mh' 

Note that g„(^/!.) ~ '^ft h : T2 ^ af^ £ ^^[dimB] i^g^ause 777^ — 777/1 is monodromy 

invariant and rhh is fixed by definition. 
Step 2: Chains of edges. 

Pick some h : T2 ^ (th and let wi, Wfe be a chain of edges of ti connecting vertex v to vertex w. 
Let v~.,v'^. be the vertices of Wi, s.t. w = v~_^, v'^. = v~._^_^ and = w. Let g^- ,g^+ denote the 
respective embeddings in n. We set </)^. := (j)g _ ^ for each i and claim 

Note that (j)^^ {rhh) = '/'^i^ °' ' ""'/'wi ("77i). Let 7^^. be a path through the interior of c^h connecting 
w~ and v+. , then 7/i 7^^ ° ' ' • ° 7wi • We compute 

^'^ o . . . o (7n) = T^. (...(T^. (to) + (to, Vert « ) - Vert («" ))7n,0 + ...) 



+ (TLj/x o • • ■ o T^h (to), Vert («+ ) - Vert (t;^ ))777/i 
= 7;.^ o . . . o T^,^ (to) + (to. Vert « ) - Vert (wj^ ))mh + 

+ (to. Vert (7;+^ ) - Vert iv-J)mh 
= T^h (to) + (to. Vert {v+^ ) - Vert (wjj)777/i 
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where we have used that {T^{m), Vert (vi) — Vert (W2)) = {m, Vert (vi) — Vert (^2)) holds for each 
path 7 connecting some f 1 , U2 G tI*^' through ah ■ 

Step 3: Combining Step 1 and 2. 
Let uJi, ...jLOk be a chain of edges of r connecting w to w as described in Step 2. We conclude 

Step 2 , (, . h. step 1 ,/,' Step 2 

^gv,gm ^t^k 'rui viiifc vwi ^gv,gm 

□ 

Lemma 4.11 (Changing v). Let v ^ Ti, w ^ Ti be two vertex embeddings. We have a commu- 
tative diagram 



/C'-(A„,Ze,-(r + l)) 




r+1 



(A„,Ze,-(r + l)) 



V 



/C'-(A^,Ze,-(r + l)) 



F,{e)*n;jTors 



id ® A'^ 0„ 



^ /C'-+i(A^,Z„-(r + l)) 



and t/ius a canonical isomorphism of Q'{Fs{e)*Cl''^_^, g) and Q*{Fs{e)*Q'!^_^, g') as desired at the 
beginning of this section. 

Proof. Note that the outer rectangle clearly commutes. The only interesting new information 
is, in fact, the subdiagram consisting of the five left-most terms. We are going to use the comparison 
of the two outgoing arrows of Fs{e)*il'!^^/Tors which was given in |20j . Lemma 3.13. We may 
assume that v and w are connected by an edge w because any two vertices can always be connected 
by a chain of edges and, having proved the edge version, we have a chain of commutative diagrams 
inducing commutativity of the first and the last. Let o : a; — > ri be this edge. We choose some 
h : T2 ^ (Th ^[dimS] determines a chart 11^,^ of Xt-2 on which we show the commutativity 

of the diagram. Let / be an equation of Zgoo, i-C, / is constant if e o o ^ Ot-2 a-nd is an equation 
of otherwise. We also assume that Vert (h) g A^?' lies in the origin, such that / is a regular 
function on C/^h • 

Let "fh be some path from v to w through the interior of cr^ giving the identification T-y^ of 
Ai, and A„, which we also identify with a fixed lattice M. Note that in loc.cit. this is denoted 
A^ and note further that we are only interested in the /M^ case. We denote the field of fractions 
construction by Quot . By loc.cit., the map F^^ : Fs{e o g„)*r2^ — > i^s(e written as a map 



Quot (^.(e o g^yOxJ ®z f\ M ^ Quot (^.(e o g,)*0, 
on the toric chart Ua,^ determined by Oh is given by 

r„(l (X)a) = l(g)a+yA (t(d^)a) 
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where / = is giving the log structure at lo and d^^ denotes the primitive vector pointing from 
1' to w. Using CLtjjd^ ~ Vert (v) — Vert (w) whenever df ^ 0, we obtain 

r„(l 0Q!) = l(g)Q! + yA (t(Vcrt (v) - Vert (w))a). 

The question now becomes whether 

)\u^^ ^ Quot 0(7„^ ®z M 



9v ^3iL 



Ou„^ i-Zr,) ®z K{M ® Zijih) > C{M, Zr,)\u„^ ^ Quot Ou„^ ®z K M 

commutes. Recall from the proof of Theorem l3.24l that for a suitable trivialization of Ox^^ (—Zeoo)\u„^ , 
a e A'^"^ M and P & M we have 

it\u,^ (1 (girhhha) ^ df ha tt\u,^ (1 ® /3) = / ® 

It follows 

(r^ o7r)(l (8)m/, Aa) = d/ A a + ^ A t(Vert (w) - Vert A a) 

= df Aa + fAdf A (/.(Vert (w) - Vert {v))a) 
= df Aa 

(r<^o7r) (1(^/3) ^ / ® /3 + ^ A (/ ® t(Vert (u)) - Vert (u))/3) 
= /®/3 + <i/A(i(Vert(u;) -Vert(w))/3) 

The map (p^^ \m reads m i— m + t(Vert (w) — Vert {v))m ■ rhh which extends in this form 
to M © Zm/j by setting ;,(Vert [w) — Vert {v))rhfi = 0. A simple computation then shows for e G 
A''iM®Zmh) 

r 

f\ : e ^ e + rhh A t(Vert {w) - Vert {v))e. 

We obtain 

(tt o (/))(1 (g) rhh A a) = 7r(l ® rhh Aa + rhh A t(Vert {w) — Vert {v)){mh A a)) 
= df Aa + n{mii A rhh A — t(Vert {w) — Vert {v))a) 
= df Aa, 

(7ro^)(l(g)/3) = 7r(l (g) /3) + 7r(l m,i A t(Vert (w) - Vert (w))^) 
= /®/3 + d/A (i(Vert(u;) - Vert(w))/3). 
We have shown o tt = o tt and thus the above diagram commutes. We arrive at the last part 
of the assertion. Note that is invariant under monodromy and 4>g^,g„ \ is, in this sense, the 
identity. Looking at the definition of Q' , we see that the only term affected by changing the vertex 
is /C'(Ai,_k, Ze, — (?' + 1)). It is not hard to see now that 4>g^,g^ yields the claimed isomorphism of 
the Q"s. □ 

Definition 4.12. We use the notation ^g,g' for the just constructed isomorphism 

<S>g,g- : g'(F,(e)*17;,,5) ^ g-(F,(e)*17;,,g')- 

By the results of this section, from now on, we will sometimes use the notation Q'{Fs{e)*il!l.^) 
for the resolution of Fg(e)*fl^_^/Tors and only specify/choose some g when necessary for compu- 
tations. 
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Remark 4.13. (1) To pick up the discussion from Rem. [2301 note that the span of C(Ae) 

is invariant under monodromy and fixed by 0g„.g„- The map <j}g^^g^ depends on the 
position of A^. It is not hard to see, however, that moving Ag commutes with 4>g^,g^- 
(2) The main point of 4>g^^g^ is that the projection h : Ay^t — > k doesn't commute with 4>g^,^g^ 
if Ae is non-triviaL In fact, each vertex of Ag gives one such projection. If we duahse, 
the projections turn into inclusions of rays. This fits in with the construction of {B, ^) 
from a polytope as described in [19] . Ex. 1.18. What we have produced here is some sort 
of a local version of this. One can show that this yields a local system of rank dimB + 1 
along the discriminant locus A. If X comes from the Batyrev construction, this local 
system is the restriction of the constant sheaf on B induced from the embedding into the 
surrounding vector space. 

4.3. Cohomology on a single stratum. As before, we assume throughout that X is a h.t. 
toric log CY space. In this section, we compute the cohomology of a summand of the complex 
'^'{Vl'^). We first need a lemma on locally monodromy invariant forms. Recall that i : B\A ^ B 
denotes the inclusion of the non-singular locus of B. 

Lemma 4.14. Given ti A T2, the space T{We, /\'^ A^^k) is generated by A-^ and (/\'°^ )r- 

Proof. Given any point y E We\A, we may identify r(iye, i* /\^ A k) with the subspace 
of /\^ Ay^ij (E>z k of forms invariant under monodromy transformations by loops in We\A. If e ^ A, 
we have A^ = Aj^ and the assertion is trivial. Let us assume e € A. Recall from [ [19| . Section 1.5] 
that the group of monodromy transformations is generated by 

a i-> a ± K^p ■ (i(dtj)a) A dp 

where c?„ is a primitive integral vector parallel to some w G ^[^1 and dp is a primitive integral 
vector in for some p G ^[dimS-i] g^(,j^ there is an edge e : uj ^ p with e G A which factors 
through e (otherwise K^p ~ 0). By Lemma 12.41 such a di^ is parallel to an edge of Ag and dp is 
parallel to an edge of Ag. It now becomes obvious that /\^ A^ and (/\*°^ ),. are contained in 
T{We,i, f\'' A(g)z k). 

Now assume /3 (A*°^ )'■ + A'^^e"- We will exhibit some monodromy transformation 
which doesn't fix /3. We choose wi, a;„i such that d^-^ , d^^_^ form a basis of Ta^ &nd such that 
there is some p G 

^[dims-i] ^^^^ ^^^^ ^ for 1 < i < m. Similarly we choose pi, Pn such that 
dpj , dp^ form a basis of and such that there is some to G 3^^^^ with K^^p. ^ for \ <i <n. 
By Lemma [4.1 [ we have n^^p^ ^ for all i, j. We may complement dp^, dp^ to a basis *B of Ay_ij 
by adding in particular vectors d*^, ...,<i^^ with the property i{d^.)b = for & G The 
basis *B of Aj, ^ induces a basis /\^ *8 of /\^ Ay^jj. We represent (3 in this basis. Note that /\^ A^ 
and (A*°'' )r both generated by a subset of A'^ Thus, by assumption, /3 has a non-zero 
coefficient for some basis element b in A'^ S which is not contained in these subsets. Therefore, 
there is some i such that (.(dt^Jb ^ and there is some j such that dp^ A b 7^ 0. We claim that the 
monodromy transformation a 1—^ aiK^^.p^ • )a) Adp^ changes /3. This is equivalent to saying 
{L{dcj^)f3) f\dp. ^ 0. This follows from (t((icjjb) /\dp. ^ and a linear independence argument. □ 
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Theorem 4.15. For w A ti A T2 with v £ ^'"l, we have 

r(W^e,i*A"A«)zk) forp^O, 



Remark 4.16. A close look makes it apparent that this representation is independent of the 
choice of v, resp. g, because different choices of local edge connecting paths induce the same 
isomorphisms. 

Proof. If e ^ A, we have, by Lemma |4?T1 = 0. This means R{Ze), = and Fs{e)*il'^^ = 
®^ A-u.k so the assertion is true. We now assume e G A and get Zf, — Z^^ , Ag — , Ag = 
Ar2- We apply the functor Rp to the diagram (|4.ip to obtain 

HPiriA^^Zr,)) H'P{Ox.,®^KA^\ 



HP{r{K.^,Z^,)) HP(Fs{ey^l^,jrors). 

Note that the corresponding sequence on cohomology splits because the original sequence 
splits. Let's consider the case p = first. We can read off the exact sequence 

r 

^ ^ i^"(F,(e)*r!;7rors) ^ H\C-{K,^,Zr,))/H''{C{A^^,Zr,)) ^ 0. 

We may use Cor. [3:281 to obtain H^{r {Kx, Zr.^) = i?(Z^Jo ®k (A*°''7'a„) n A'^ A„.k and 
H\C\A^^,Zr,)) = i?(Z,,)o ®k (A'°''7^A.,) n A'A^. We have i?(Z,,)o = r(OAvJ = so 
the exact sequence reads 

^ A - ByF.ieYKJTors) j^^^^-'^ "^^'.^'^ ^ 0. 

Therefore, H'^{Fs{e)*il^_^/Tors) is identified with the subspacc of /\^ A^^ which is generated by 
A'' A^^ and (A'°'' 7a,, ) n A'' A„,ik. By Lemma l4J4l the assertion for p = follows. 

The case where p > is even simpler because ^{Ox^^ ®kK ^ri) = 0. A gain using Cor. 13.281 
we directly have the assertion. □ 

Proof of Theorem I1.61 a) . Note that the functors T{We , •) and commute on presheaves 
of vectors spaces on We- We choose some g : v ti with v G The assertion follows from 

Thm. 14.151 if we show that the cokernels Ci , C2 in the diagram 

(A'""^ r^J n A'"'" A.^^ — - (A*°'' ^aJ n A'^^'' A.,^ c. 



T{We,K^^uk®^)^ ^r(M^e,i*A''^''A®k) >^ C2 

are isomorphic. The natural map Ci C2 is injective because the left square is cartesian which 
follows from A^ = r(M4, i*A ®z k)- Surjectivity is a consequence of the fact that the term in the 
middle of the bottom row is generated by the images of the two incoming arrows which we know 
by Lemma [4. 141 □ 
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4.4. The strata combining diflferential. Up to now. wc have been working on a single 
stratum only. Now wc take into consideration the barycentric differential dbct- We are 
going to produce an acyclic resolution of the complex "^'{Q^) to have an explicit description 
of the hypercohomology spectral sequence of '^'(fi'') for the proof of Thm. I1.6| b). Our overall 
hypothesis is that X is a h.t. toric log CY space. Recall that the etale locally closed embedding 
of the stratum to X is denoted by Qt- : Xr X . For the first half of this section, we fix a chain 
of maps 



9 c 
t; — > (Tl — > Tl — !■ T2 — >■ (72 . 

with V G Wc denote the composition of the first two maps \>y g : v ^ ti. It is not hard to 

see that Z^^ Zef^ X„^ , Ae = Ae n cti , Ae = Ae n cr^ . Recah from [[20] , Prop. 3.8] that wc get a 
map 

which factors through the restriction to X„^ . 
Lemma 4.17. We have a commutative diagram 

^9^2,.C''(A^,Z,)->g^2,.C"(A„,i,ZJ ® q^^.^Gx^^ A" ^g,2,._F, (e)* /Tors^ 



where the rows are given by Prop \4-S\ the right vertical map is the one just mentioned and the 
left two vertical maps are the composition of the restriction to X^^ , the map induced by A-^ — > Aj- 
and Lemma \3.31\ 

Proof. Replacing the right most non-trivial terms with 

r r 

Fs{t2 -5- a2)* ■■ qr2,*Ox^^ ®k /\K,k <la2.*Ox^^ ®k 

clearly gives a commutative diagram by the functoriality from Prop. IXTTl and the fact that Fs{t2 — > 
a2)* is a functor. The assertion then follows from the commutative diagram 

-Fs(-r2-)-(T2)' |-Fs(r2--i>(T2)* 

FsieY^lJTors > F,{e o gf^l^ Ox„, ®kA"Av,k 

and the way of construction of the sequence in Prop. 14.81 □ 

For exactly the same reasons, we also obtain a diagram of resolutions, replacing C's with the 
suitable IC^^^^'^s and removing the summands qT2,*Ox^^ ® A*^ if • > 0. We call this map on 
the Q*'s 

dt : qr2,*Q'{F,{er^r,,9)^q<r2.*Q'{F,{erK,,9)- 
We make use of the statement of Theorem 14.151 in the following Lemma. 

Lemma 4.18. The map gr2,»^s(e)*rj;j ^ HP{X,qa^^^F,{eyniJ is, for p = 0, the re- 

striction 
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induced by the canonical isomorphism 

r r 

T{We,i,/\A®z k)^r{WenWe,u/\A®z k) 
and the inclusion of open sets We H Wg C We- It is, for p > 0, induced by 
Fs{t2 (72)* : R{Ze), ^ R{Zg),, 
Ag ^ Ae and hence (A*"^^^,) ^ {A^°'^T^,), 
Ag ^ Ag and hence ^ A^. 

Proof. The isomorphism r{We,i* A"^ A (g)^ k) = T{We nWe,i* ^ ®i. k) foUows from the 
fact that e and e can be joined by a simplex in A with codimension two in B. Such a simplex is 
given by a chain tq C ... C TdimB-2 with tq G TdimB-2 G ^[dimS-i] ^j^j^j^ jg ^ refinement of 
e and e. Thus by the proof of [ |19| . Lemma 5.5], [We n lVe)\A is a deformation retract of We\A. 

The assertion follows from computing the map d% on the (5*'s and is straightforward. We just 
discuss the map of the Ks. We set F — Fs{t2 — > a2). For each I the natural adjunction map 
becomes 

a : TiXr,,Ox^^ipZe)) ^ TiXr,, F,F*Ox^^ipZe)) = r(X,, , F^Ox.JpZg)) 

because F*Ze = Zg. Let Ve, Vg denote the linear systems via the log derivation map for Ze, 
Zg, respectively, as given after Lemma [3.21 We may assume that Ag is embedded such that the 
embedding of Ag is induced by restriction to the corresponding face. If / is an equation of Ze, 
then F* f is an equation of Zg. We get a map Ve Vg by the diagram 

{Nr, © Z) k T{X^, , Ox^, [Ze)) 

a 

{N„, ® Z) 0z k T{Xr„F,Ox^^ {Zg)). 

The map on the i?'s then is the cokernel of the diagram 

T{Xr„Ox^,{{p-l)Ze))®'^Ve > T {Xr„ O x^,{pZ e)) 

T{Xr„F,Ox^, {{p - l)Zg)) ®k Vg > T{Xr„F,Ox^, {pZg)). 

Note that the right vertical map is surjective because by Lemma 13.21 it can be described by 
j^i-AeHMx,, ^ ^i-\,nMx^^ ^ if m ^ r Ae and z™ ^ z™ otherwise. □ 

Recall the Gross-Siebert resolution from Dcf. 11.41 For each r, we are going to construct an 
acyclic resolution of ^'(VT). For each r G £^ , choose some gr ■ Vr ^ t with Vr G We define 

the double complex 

Qk^i(nn= qr,,.Q'iFsie)*n:jTors,gro) 

Tq ^ ... ^ Tk 
^ ^ ^ 

where the differential in the /-direction is the usual one on Q* which we are going to denote by 5. 
The differential in the fc-direction is 

idhct{o;))r„^...^Tk + i = dri^rtXl ° '^gr^ ,(To-i.ri)og^^ (ctTi^...^Tfc + i ) 
+ ELi(-I)'' id (aro^...f,^...^r, + i) 

We collect some results in the following lemma. 
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Lemma 4.19. On the space X, we have for each r a double complex of T-acyclic sheaves 

which is exact in both directions except at the respective first non-trivial terms. We have the 
augmentation 

0-><r*(n'') ^ Q*'°(f]'^). 



Proof. The exactness of the augmentation and acycHcity are the content of Prop. 14791 The 
commutativity of differentials reduces to Lemma |4 . 1 7! and what was mentioned afterwards. We are 



going to prove the exactness of dbct- We set 



/ \ -rn 



Recall that, for e : tq r^-, 



O 



Q\F,{ernUTors,grJ = 



A'' 



A„ 



^0,1' 



for I = 



for I > 0. 



l\ "to 

What we want to prove is a local issue. Let p € X he some geometric point and t € 3^ he 
such that p G Int {Xt). For e : tq — !> Tfc, we have 

qr^^^Q\Fs{e)*VL'^^^/Tors, gro)p = if there is no tu r. 

By Lemma I6.1[ we are done if we show criterion (L) from Section 16.11 We match the notation by 
setting S = T and A'^To.Tk) = '?Tfc,*Q'(^s(e)*ri^^/7ors, (7to)p- We may fix some To,Tfc_i C r with 
To ^ Tk-i- Let (/e)e G ©XfeDTfe i -^(To.rfc) be a compatible collection. We want to show that it 
lifts as required in criterion (L) from Section [6. II 

The case p G Zr^^: This implies = Zt^ C}Xt and thus Ae = A^-q for each e : tq — >■ r' with r' C r. 
We claim that each M(^To,Tk) is the puUback of M(^Tg Ti,_i), i-e., for F = F{Tk-i r^), the map 
drl'Trl.^ mduces 

Q\{F*F,{e)*^-,^;)ITors,gr,)p = F*Q\F,{ern-,JTors,gr,)p. 
Indeed, both F* M(^t.^_t.^_^) and M(^^^_^^-^ are 

Ox^^,.P^Qi for/ = 



Ox^AlZr,)p® 



A"- 



rr^ for/>0. 



Ar+l + l ^± 

I ^ TO 

Now criterion (L) follows from the fact that is locally free on Xrt._^ and that we can 

always lift functions from subvarieties. 

The case p ^ -Z^To' We set U — {r^ ^ t [ D Tk—\i Zt^ r\XTf. ^ 0}. Consider the following diagram 
with exact rows and columns. 



K 



i{h) 



K 



A'-+^A4 
A'-A- 
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We choose a spUtting as indicated by the dashed arrow. We claim that the compatible collec- 
tion decomposes as 

{fe)e = {flf!)ee (M(V„ ) © Mf,„ ) ) 



where 



and 




1 = 
otherwise 



,p®K 1 = 0, Tk e U 




otherwise. 

Indeed, we can identify Ox^^ilZT,.)p = Ox^^,p and there is only one obvious way to decompose 
using the map and the chosen splitting above. One can now show that both (/g)e and 
(/f)e lift. The reason is again that functions from subvarieties lift. For (/e)e, one uses that 
{Xr^ \Tk e [/} is a set of strata closed under intersection and then the functions /g actually glue 
to a function on the corresponding subspace. We have shown (L) and can apply Lemma l6. II □ 



As a corollary, we obtain a different proof of Lemma 11.51 still using the same argument for the 
first term as in [ f20j . Thm. 3.5] though. 

The finiteness of the dimensions of global sections and the computability of cohomology is 
the major strength of Q*'*. The downside, however, is that it is impossible to extend the de 
Rham differential to it to obtain a triple complex. Roughly speaking, differentiating elements of 
Ox^^ {lZr2) yields something in Ox^^ ((^ + 1)^7-2) whereas for compatibility it would have to stay in 
Oxr^ i^Zr^). We will later make use of the fact that exterior differentiation can at least be defined 
on Q''0(J1'). 

4.5. Degeneration at £2- We are now going to prove Thm. [L^ b). The key ingredient is 
the previously constructed double complex Q' '{QJ') We assume now that each Ag is a simplex in 
order to be able to use techniques from Section [3.31 

PICX QtopV 

top r+; + l r+l + 1 



Definition 4.20. For each r, we define the subcomplcx Qtopl^*^) ^ Q*''{^'^) by setting 

, top r+l + 1 r+l + 1 

Q!;im= g.,.,ox.,a^e)®J(ArAjn /\ k^,^ mod /\ 



To ^ . . . ^ Tfe 



for / > and Qfop(ll'') = 0. 

Note that the differential 5 is trivial on Qtop(^'^)- to see that it is a subcomplex, we just 
check closedness under dbct- This follows from the closedness under the change of vertex operator 
$ and under df. The latter is because (A*°^ J ^ {K°^T^_). 

Definition 4.21. We define the subcomplex Q\'^^ {^V) of T{X, Q'^'^iVT)) by replacing each 
T{Xt^, Ox^^ (IZe)) in T{X, Qtop(^'^)) by F^'/ (^e)- Again, S is trivial, so we have to show closedness 
under dbct- For this, we need to show that the image of F^'/ (Zg) under the restriction map 
4 : r{Xr,,Ox^^{lZe)) r{Xr,^^,Ox^^^^{lZi^)) is contained in F\'/(Zg). The Newton polytope 
of IZg is a face of the Newton polytope oi IZ^, so this follows from Lemma [3. 121 and the definition 
ofFW(Zg). 
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Lemma 4.22. Assume that X is a Fermat toric log CY space. For fc > 0, / > 0, we have an 
injection 

Proof. This follows from Thm. I4.15[ Prop. [XT71 and Lcmnia l3.15l □ 

Lemma 4.23. Let ^pgKP''^ be a double complex with differentials d\d" which is bounded in p 
and q, denote by D ~ d' + (— the differential on the total complex Tot*(_R'*'*). Assume the 
following criterion: 



For each x G RP-'^ with d"x ^ and d'x d"y t 

for some y G there is some x d"y 

z G such that d'{x + d"z) = 0. ? t 

z y 

Then, its first spectral sequence degenerates at 

Proof. Let [■]k mean taking the class in Ek- For xi G K^''^, the image of [xi]k under the 
differential d^ is given by [d'(xk)]k for some zig-zag 



Xi dxi 



t 

X2 I— > d'x2 



t 

Xk ^ d'xk 

The criterion implies that for some representative xi all xu for k > 2 can be chosen to be zero and 
thus dk=0 for k>2. □ 

Proof of Theorem 11.61 b). We are going to apply Lemma 14.231 to the double complex 
^(X, Q'''(ri'")). Let 6 denote the differential in the second direction. Suppose x G T{X, Q'^''(r2'")) 
with 6x ~ and dbcta^ = Sy for some y G T{X, Q'''"'"^''~^(f2'')). For / = we have y — and 
there is nothing to show, so assume I > 0. By Prop. [3771 and Prop. l3T7l changing x by adding a 
(5-coboundary, we may assume that x G Q'^iy^^ft^). Then dbcta; G (^^^^^'^'^(fi''), and the injection 



from Lemma [4.221 shows that y ^ 0. This establishes the hypothesis of Lemma 14. 23l which we may 
now apply. □ 
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5. Mirror symmetry of stringy and afRne Hodge numbers 

5.1. Base change of the afflne Hodge groups. Recall from [ j20j . Lemma 3.12], for v G 

the identification il^ = Ox^ ®k A'^ ^v,k- We define 

r 

which becomes a complex (A* , d) under exterior differentiation. There is a barycentric resolution 
in the sense of Section 16.11 for this complex via 



and the barycentric differential is induced by the restriction for a vertex which factors through the 
extended edge and the zero map on that vertex otherwise. We won't make use of the following 
lemma but give it for completeness. 

Lemma 5.1. For each r, we have an exact sequence 

^ A'' ^ '^"(A'') ^ '^^(A'') ^ .... 

where the first non-trivial map is the obvious one. 

Proof. Injectivity at the first non-trivial term is obvious. Given any r and a geometric point 
X e Int (Xt-), we have '^°(A'% = ^g.v^^o.^o^r (g^^ *Fs{g)*Ox^)x ®k A*^ ^v.k- An element of this 
maps to zero under dbct if and only if it is a compatible collection which implies that it lifts 
to ®v-^t(i^,*^x^)x •Sk /\^ ^v,k for each v componentwise. The inverse is also true, so we have 
exactness also at the second non-trivial term. The exactness of the tail follows from Lemma 16.11 
upon verifying criterion (L) which is easy. □ 

Lemma 5.2. Given a c.i.t. toric log CY space X, there is an acyclic resolution X''*'* with 
augmentation 

such that the exterior differential d is trivial on r(X, I*'*'"). 

Proof. It suffices to construct an injectivc map of complexes '^'{Vt') — > X*'*'° where X*^'""'" 
is acyclic for each fc, r. The remainder of I*'*'* can then be added by an injective resolution, 
e.g., Godement's canonical resolution. We claim that we may just take X*^'""'" = ^'^(A''). By 
the c.i.t. hypothesis and by what we said at the beginning of Section |2.3[ namely that we have 
the result [ [20] . Prop. 3.8], i.e., for each g : v ^ tq and e : tq — >■ Tfc, we have an inclusion 
Fs[e)*^V /Tors ^ Fs{eo g)*fl^ = Fs{eo g)*Ox^ <8)k A'^ -^vM- We may use this to get the injection 
•^•(rj*) tcrmwise as 

r 

F,{e)*nijrors ^ {qr,)*F,{e o g)*Ox^ <»k /\Av,k- 

Because r(X, '^'"(A'')) consists of constant differential forms only, d is trivial on it. Acyclicity is 
apparent. □ 
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Proof of Theorem 11.111 Wc show that, for e : ti ^ T2, 

p 

(5.1) H^'iXr^FieynPJTors) ^riWe,i. /\AM)- 

For the h.t. case this is part of Thm. 14.151 We can extended this to the c.i.t. case as follows. 
Recall that there is a set of Cartier divisors -^ti,* which are the reduced components of 

the closure oi Z Ci Int (Xr). We set Z^.i = Z^.i n which might be empty. The empty ones 
won't play a role in the following, so let us exclude them. Fix some ^I*^! 3 v — ^ ri and define 
by the exact sequence 

where Si is the map S in Prop. [^?TU1 composed with the ith projection. By loc.cit., we then get 
{F^ie)*nP^)/Tors = flLi ■ % Thm. HT5l we have 

p 

riXr,,nP) = (/\A„ ®^kf' 

where Gi is the group of those local monodromy transformations which arc transvcctions that fix 
(Ai-i.i nT2)^ and shear by a vector in Tf^^^^ i)r\T^- Because the monodromy on pye\A is generated 
by {Gi I 1 < j < i}, we have 

p t p 

1=1 

and conclude ()5.ip by the left-exactness of the functor F. To prove a), note that 

Hi^lix) = H''{x,np) = w^ixy^'inp)). 

Let J'*'' be an injective resolution oi'^^'{nP) with the augmentation '^'{ilP) M> J^*''^. If we denote 
by D the total differential of the double complex T{X, J*'') then 

HPf^{X) = HlT{X,J'n- 

There is an injection 

kern(D|r(x,^..o)) , , 
imZ?nF(X,J'^^o) ^^^^^^'^ > 

The left hand side can be rewritten as H'^^ T{X,^'{^p)). By what we said before this coincides 
with the Cech cohomology group H'^{{Wr \ r 6 /\^ A (^z k) and we are done with part a). 

The proof of b) is similar. Let I*-*'* be a resolution as given in Lemma and let D' denote 
the total differential on F(X,I'^'^'). We have (X,r2') = iJ|3,F(X,I'^'^'). Because d is trivial 
on T{X,I'''-^) by arguing as in a) we get for each p, q with p + q = k axi injection 

HPj{x)^m'^{x,n'). 

Once again from the triviality of d on r{X,I'''''^) one concludes that these injections can be 
extended to their direct sum as required in the assertion. □ 

Definition 5.3. For a c.i.t. toric log CY space X, wc call TP;^{X) = H^^^iX) / H^J {X) the log 

twisted sectors. 



As explained in [[20], Cor. 3.24], by [[19], Prop. 1.50], we obtain, for a general {B, ^), the 
following. 
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Theorem 5.4 (Gross, Siebcrt). Assume that the holonomy of B is contained in SL„(Z) k Z" 
where n = dimi?. Let (p be some multi-valued strictly convex piecewise linear function on (B, ^) 
and (5, £^i'4>) he the discrete Legendre dual. If X is a toric log CY space with dual intersection 
complex (J5, ^) then 

So we sec that the afRne Hodge numbers fulfill mirror symmetry duality. The duality for the 
ordinary Hodge numbers follows for the case where the twisted sectors vanish. We are going to 
consider what happens if this is not the case. 



5.2. Twisted sectors in low dimensions. We now consider the situation up to dimension 
4 as defined in Theorem II. 131 

Lemma 5.5. Let A be an elementary simplex with dim A = 3. Let f be non- degenerate. For 
k>0,we have Ro{f,C{A))k = C(A))fc. Moreover, Ri{f,C{K))k =0 fork ^2. 

Proof. The natural inclusion C(A))fc ^ Ro{f,C{A))k becomes an isomorphism for 

k > because each lattice point in fcA which isn't a sum of a lattice point in (fc — 1)A and one 
in A lies in the relative interior of kA because otherwise it would have to be in some facet of A. 
This, however, can be excluded by the fact that each facet of A is is a two dimensional elementary 
simplex, thus a standard simplex, and Lemma [3. 181 

The second assertion then works out as follows. It is clear for k = 0. It follows from elemen- 
tarity of A,- and Prop. [071 for fc = 1. The cases fc = 3,4 then follow by the pairing given in [6], 
Prop. 6.7. □ 



Proof of Theorem [TTT^ By Thm. [TTTl H^s 0^ ^ Hl^ injects in the Ei-teixiv of the 
hypercohomology spectral sequence of J7* and survives to the limit. Thus, kerndi n i?aff = 
and imdi n i/aff = 0. Cases a) and c) follow if we show that H^^'^ ^ H^^ for only one pair 
p, q. For a) this is p = g = 1 which we deduce from Thm. 11.61 For c) the exceptional pair 
is p = q = 2 which we also deduce from Thm. 11.61 together with Lemma 13.181 to see that only 
three-dimensional simpliccs contribute to higher cohomology terms and eventually Lemma 15.51 and 
Thm. [TT6l to locate the contribution. Similarly to show b), we demonstrate that H\^'^ ^ only 
for (p, q) G {(1, 2), (2, 1)}. We compute the log twisted sectors via Thm. HTTSl and Lemma 14.181 
We keep the convention that w's denote one-dimensional and r's two-dimensional faces. Note 
that R{Z^)i=T\^/{Z^) contains a canonical subspace induced from lattice points in the relative 

^ o 

interior of A^ which wc denote by r\i/(Z„). For e : Lo ^ Zr, wc have dim Ae = dim A^^ = 

1 and dimAe = dim A,- = 1. Given (7 : ?; — > w, we obtain 







.>nA" Ai 


(A*"" 






(A*"" 






<A'°P 

/ A ton 


^A. 


>nA'A„,i 



A„,k/Ai = k 

A„,k/A^SIki for dimAi^ = l 

for dimA„=2 

jA„,k/A^Ski for d\mA^ = l 

1 A„,k/A^S^k2 for d\raAr=2 





>nA-'Ai 


{A'°^ 


)nA^ A„,k 


(A'"" 


,)nA'' A^ 




)nA'A„,„ 
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We consider the differential di on cohomology degree q = 1,2 of the i?i-term of the hypereoho- 
mology speetral sequence of '^'{ilP) ioT p ~ 1,2. 



\ dimAij = l 

<7 = 2,p=l : e^g^w i?(Zc.)2 ^ 
(7 = 2, p = 2 : — ^0 

where the sum on the right is only over edges w — >■ r which are contained in A. If we show that 
the first map is injective and the second surjective, we are done. 

o 

We show the surjectivity of the second map. We can rewrite the map as F^^/ i^u) © 
®K^K ^ ®K^K where K runs over the connected components of A\A". We show that 

— > is surjective for each K. Note that both spaces are a direct sum of spaces isomorphic 
to R{Zrfi)i for a suitable tk in K. It is not hard to see that — > is isomorphic to the 
Cech complex of a locally constant sheaf on K with fibre [|5dimi?,(ZT^)i^ rpj^^ contractibility of K 
therefore implies the desired surjectivity. 

A similar argument works for the injectivity of the first map by quasi-isomorphically projecting 
it to 

E(Z<,)i A„,k/Ai ® coker ( A„,k/A^ ^ A,,k/A;^ j 



dim A^ = l 



and identifying this map with W^]f -> ®k^k fo'" suitable W^, W^, each of which is iso- 
morphic to the dual of a Cech complex of a locally constant sheaf with fibre ij'iimH(ZT^^)i 
K. □ 

Note that we only needed the weaker criterion of contractibility of those components K of 
A\A° where dimi?(ZT-^)i > 0. On the other hand, if this is not given for one K and the locally 
constant sheaves constructed in the proof have global sections on if, we have T^^^{X) ^ G ^ 

Corollary 5.6. For the cases considered in Theorem l 1 . 1 3[ at most the following log twisted sectors 
are non-trivial 



c) ri^og(^)=0.e,^Pii?(^r)2 

o 

Note that that in b) R{ZS}2 == T^^/ {Zuj). It is expected that the Picard-Lefschetz operator 
maps Tj^g (X) isomorphically to Tj^g (X). 

Proof of Theorem 11.151 Part a) is the combination of Cor. 11.81 and Theorem 11.131 To 
prove part b), note that the general fibre Xt has isolated singularities in these cases. Each singular- 
ity is described by a local model as referred to in Prop. l^^ See also ( |20] . Prop. 2.2). The degener- 
ation is locally Speck[if^n(MT-©Z2)] Speck[N] where K is the cone over (tx {ei})U(A^ x {62}). 
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Here, t, A^- C R, is a lattice of rank dimi? — 1, = Hom(A^,-,Z) and the generator 
of N maps to e\. The general fibre is thus locally given by k[C(Ai-)^ n {Mr ® Z)]. So we have 
a singularity in Xt for each non-standard inner monodromy polytope A^. In case c), these are 
non-standard elementary 3-simplices. In case a), these are intervals of length greater than one. 
Borisov and Mavlyutov have identified a space whose dimension gives the difference h^^'^ — h^''^ (see 
[6], Def. 8.1). For each singularity this is Ri {ojf, C(Af )) for some general ujf. Under mirror symme- 
try, the Kahler parameter cjf is supposed to become the log moduli parameter Even though we 
cannot make this rigorous at the moment, we still have dimi?i(a;f,C(Af)) = dimi?i(/^, C(A^)) 
because an inner monodromy polytope of (5, ^) is an outer monodromy polytope of (-B, i.e., 
Af ~ At- Using Cor. 15.61 Lemma [3. 151 and Lemma [531 we deduce the result. □ 

6. Appendix 

6.1. Barycentric complexes. For convenience, we include here a slight modification of 
[ |19j . A.l]. Let S be a d-dimensional polytope and Pair be the finite category with 

objects: {(cri,cr2) | cti C 0-2 C S are faces} 
morphisms: (ti,T2) — >■ (o'i,cr2) for cri C ri,T2 C cr2 

Let Ab denote the category of abelian groups. We assume to have a functor 

Pair — > Ab 

e=(CTi,CT2) ^ Me- 

Note that there is at most one morphism between any two objects 61,62 in Pair whose image 
under this functor we denote by ifeies- Whenever the source is clear we will also write ipe2- The 
barycentric cochain complex {C'^^,d'^^) associated with the image of this functor is the complex 
of abelian groups C*^ = ©croCo-iC Co-j. ^I{cro,(Tk) with differentials 

fe+i 

('^bct(/))cno-i...crfc + i = y '/'(o-Q.CTk + i) (/o-o...CTi...(Tfc+i ) 

1=0 

where a means the omission of a. It is easy to check that this is a complex, i.e., d^ct^ ° '^bct ^ 0- 
Assume we have some subset U of the set of objects of Pair . We call an element (/e)e € ®e£U ^^<^ 
a compatible collection if, for each 61, 62, e £ J7 with morphisms ei — > e, 62 — > e, we have ifefei — 
fefe2- We consider the following criterion 

(L) For each ctq C ak-i, every compatible collection {fe)e e ®akD<Jk-i ^'^i'^o^crk) li^s, i.e., 
there is some g G M(„^ „^_^-) such that 

/(ao.at) = f{ao,ak)9 ^r Cach {(TQ^Gk). 

Lemma 6.1. If {Me)e satisfies (L) then the associated barycentric complex is acyclic. 

Proof. We wish to write a cocyle {fao...(yk)<yo---<yk ^ coboundary of a (fc — l)-cochain 
(5cro - o-fc_i )cro...CTfc_i • We construct the gcro...(Tk-i by descending induction on m = dim(Tfc_i = 
d + 1, 0. The induction hypothesis is that 

fe 

fa-Q.-.o-k — y V(<T0,<Tfc)(5<T0...*....<Tj 

i=0 
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whenever dimcrfc_i > m. The base case with m = d + 1 is empty because dimS = d. For the 
induction step consider some do Si ••■Cfc-i with dimcrfe_i = m — 1. We want to find gao...<Tk-i such 
that for any ct^ containing crfc_i 

( — 1) <P((to,[Ta.)(3(To...o-a._i) = /o-o...(Tfc ^^^(^1) f((To,crk+i)9a-o...»i...iyk- 

i=0 

All terms on the right hand side are known inductively. We view the right hand sides for varying 
at as an element of ®o.^_^CCTfc -^(o-o,CTfc)- If we show that this constitutes a compatible collection, 
we get gao...<Tk-i from criterion (L) and are done with the proof. So let us do this and assume we 
have some ak+i containing ak-i- We need to show that 



(6.1) ^iao. 



o-fc+l) I fcro...crk " V(cro:Crfc+i)(3cro...»i...<Tk) 1 

V 1=0 / 



is independent of ak for (Tfc-i Si "'fe Si "'fe+i- For i < k the induction hypothesis implies 

i-l fc+l 

E (-l)V(a„,a.+i)(5<ro...-....-,...-.+i)- 

i=0 j=4+l 

Plugging this into the cocycle condition 

k 
•i=0 

the first term of gives fcro...crk-icrk+i (« = fc) plus a sum over '^(o-o,crj^^i).gcro. .*j...crk+i • 

For < i < j < fc the coefficient of ¥'(^o,ffA,+i)5<To...&....&j...<Tfc+i is (-1)'' times + 
(— 1)' = 0. Contributions involving ^{cro,<Jk+i)is<Jo...d-i...a-k) come from the second term in 
(|6.ip and from j ~ k + 1; they cancel as well. Thus (|6.ip equals 

/ffO-.-O-fc-lO-fc + i + (^1) ^~^(~i-) (^1) '(^'l^(o-o,(Tfc-|-i)ffa-o...(Ti...lTA.(Tfc + i)- 
1 = 

This shows the claimed independence of (|6.1I) . and hence the existence of g^o.-.a-k-i- ^ 
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